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1. Radiation
1. Radiation 

• α ray 
• β ray 
• γ ray（X ray） 

2. Source Activity Units 
• Becquerel（Bq）：１ disintegrations/sec 

• half life time（Nuclear Physics）：time to N/2 
• Life time（Particle Physics）　：   time to N/e 

3. Energy Units 
• eV, (keV, MeV, GeV, TeV, PeV, …) 

• We measure a single particle
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Discovery of Radiation
• In 1895, Wilhelm Röntgen discovered X ray.
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https://en.wikipedia.org/wiki/Wilhelm_R%C3%B6ntgen


• Energy of X ray is the function of the wavelength 
(frequency) of photons  
• E=hν（Plank consonant h: 6.626×10-34J・s or 
4.135×10-15eV・s） 

• Wavelength is 

• Visible lights from sun 
• Radiation from our body, Electron mass, Proton 
mass
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Where do we find radiation
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29. Cosmic rays 7
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Figure 29.4: Vertical fluxes of cosmic rays in the atmosphere with E > 1 GeV
estimated from the nucleon flux of Eq. (29.2). The points show measurements of
negative muons with Eµ > 1 GeV [41–45].

Figure 29.5 shows the muon energy spectrum at sea level for two angles. At large angles
low energy muons decay before reaching the surface and high energy pions decay before
they interact, thus the average muon energy increases. An approximate extrapolation
formula valid when muon decay is negligible (Eµ > 100/ cos θ GeV) and the curvature of
the Earth can be neglected (θ < 70◦) is

dNµ

dEµdΩ
≈

0.14 E−2.7
µ

cm2 s sr GeV

June 5, 2018 19:57

Particle Data Book

• Environment 
• β ray（γ ray） 
• α ray 

• Cosmic Ray 
• Mainly muon on surface（1μ/
100cm2/ec） 
• Interactions of protons with 
atmosphere Nitrogen and 
Oxygen produce pions 

• The pions decay to muons 
and neutrinos.
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1mSv/y~0.1μSv/h

• シーベルトとは？ 
• 吸収線量（Gy：グレイ[J/kg]）をもとに、 
• 線量＝吸収線量×放射線荷重計数×(組織荷重計数） 

• として計算。電子は放射線荷重係数＝１で、以下でも１とする。 
• 1Bq/cm2のβ線源（137Cs）がある土の表面に手をかざしたとすると、～１μSv/h 

यऎभૻຎقଫৄك ମभॉभଣೝ 

mSv؟জ३شঋঝॺ 

ল๕؟ 
 2008ফਾઔછكUNSCERAقব৴ఐ৾৩ভ؞
 2007ফ൭ઔكICRPقবଣೝଆ૧৩ভ؞
 মଣೝૼపভୢयऎफ़ॖॻছॖথ؞
  ऩनपكবড়भقৗග েણ୭ଣೝ؞
ेॉؚଣೝୢ়৾ଢ଼ਚऋਛ2013قফ5াك 
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2 1. Basic Nuclear Processes in Radioactive Sources 

Table 1.1. Characteristics of nuclear radiations 

Type Origin Process Charge Mass Spectrum 
[MeV] (energy) 

a-particles Nucleus Nuclear +2 3727.33 Discrete 
decay or [MeV] 
reaction 

/r -rays Nucleus Nuclear -I 0.511 Continuous 
decay [keV-MeV) 

p+ -rays Nuclear Nuclear +1 0.511 Continuous 
(positrons) decay [keV-MeV] 

y-rays Nucleus Nuclear 0 0 Discrete 
deexcitation [keV-MeV] 

x-rays Electron Atomic 0 0 Discrete 
cloud deexcitation [eV -keV] 

Internal Electron Nuclear -I 0.511 Discrete 
conversion cloud deexcitation [high keV] 
electrons 

Auger Electron Atomic -1 0.511 Discrete 
electrons cloud deexcitation [eV-keV] 

Neutrons Nucleus Nuclear 0 939.57 Continuous 
reaction or discrete 

[keV-MeV] 

Fission Nucleus Fission ==20 80-160 Continuous 
fragments 30-150MeV 

1.1 Nuclear Level Diagrams 

Throughout this text, we will be making use of nuclear energy level diagrams, which 
provide a compact and convenient way of representing the changes which occur in 
nuclear transformations. These are usually plotted in the following way. For a given 
nucleus with atomic number Z and mass A, the energy levels are plotted as horizontal 
lines on some arbitrary vertical scale. The spin and parity of each of these states may 
also be indicated. Keeping the same mass number A, the energy levels of neighboring 
nuclei (Z - 1, A), (Z + 1, A), '" are now also plotted on this energy scale with Z or-
dered in the horizontal direction, as illustrated in Fig. 1.1. This reflects the fact that 
nuclei with different Z but the same A may simply be treated as different states of a sys-
tem of A nucleons. The relation of the energy levels of a nucleus (Z, A) to other nuclei 
in the same A system is therefore made apparent. With the exception of a-decay, radio-
active decay may now be viewed as simply a transition from a higher energy state to a 
lower energy state within the same system of A nucleons. For example, consider the [J�
decay process, which will be discussed in the next section. This reaction involves the 
decay 

(Z, A) -+ (Z + 1, A) + e - + v, 

where the final state in the nucleus (Z + 1, A) may be the ground state or some excited 
state. This is shown in Fig. 1.1 by the arrow descending to the right. The atomic num-
ber Z increases by one, but A remains constant. The changes that occur can be immedi-



Electron (and positron) source (β ray)
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• From the decay of Nucleus (β decay) 
• n→p+e-+νe 

• Similar process 
• β+ decay 
• p→n+e++νe 

• Internal Conversion：mono-enegetic electron source 
• An excited nucleus after the β decay interacts with an electron 
in an orbit, and the mono-energetic electron is emitted. An 
electron (usually a s electron) couples to an excited energy 
state of the nucleus and take the energy of the nuclear 
transition directly, without the gamma ray being produced.  

• Auger electrons：Lower energy than internal conversion

https://en.wikipedia.org/wiki/Gamma_ray
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1.3 Beta Decay 5 

between the ,8-particle and the neutrino (or antineutrino) which usually goes undetect-
ed. A typical spectrum is shown in Fig. 1.2. If the small recoil energy of the daughter 
nucleus is ignored, the maximum energy of this spectrum should correspond to the Q-
value for the reaction. For most beta sources, this maximum value ranges from a few 
tens of keV to a few MeV. 

In very many ,8-sources, the daughter nucleus is left in an excited state which decays 
immediately with the emission of one or more y photons (see Sect. 1.5). This is il-
lustrated in the level diagram shown in Fig. 1.3. These sources, therefore, are also emit-
ters of y radiation. Most ,8-sources are of this type. Pure ,8-emitters exist but the list is 
astonishingly short as is seen in Table 1.3. 

Table 1.3. List of pure rr emitters 

Source 

3H 
14C 
32p 
33p 

35S 

36CI 
45Ca 

63Ni 
90Sr/90y 
99Tc 
147Pm 
204n 

Half-life 

12.26 yr 
5730 yr 
14.28 d 
24.4 d 
87.9 d 
3.08 X 105 yr 
165 d 
92yr 
27.7 yr/64 h 
2.12 X 105 yr 
2.62 yr 
3.81 yr 

Emax [MeV] 

0.0186 
0.156 
1.710 
0.248 
0.167 
0.714 
0.252 
0.067 
0.54612.27 
0.292 
0.224 
0.766 

Some,8 sources may also have more than one decay branch, i.e., they can decay to 
different excited states of the daughter nucleus. Each branch constitutes a separate ,8-
decay with an end-point energy corresponding to the energy difference between the 
initial and final states and is in competition with the other branches. The total ,8-spec-
trum from such a source is then a superposition of all the branches weighted by their 
respective decay probabilities. 

Since electrons lose their energy relatively easily in matter, it is important that ,8-
sources be thin in order to allow the ,8's to escape with a minimum of energy loss and 
absorption. This is particularly important for positron sources since the positron can 
annihilate with the electrons in the source material or surrounding container. A too 

712- 270d 

5/T EC 
0.0144 

7/2+ 27yr 
137C5 /92 0/0 

rr 0.662 
y 0 

137Sa 

Fig. 1.3. Nuclear level diagrams of a few common gamma 
sources 
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1.6 Annihilation Radiation 

Another source of high-energy photons is the annihilation of positrons. If a positron 
source such as 22Na is enclosed or allowed to irradiate an absorbing material, the posi-
trons will annihilate with the absorber electrons to produce two photons, each with an 
energy equal to the electron mass: 511 keV. In order to conserve momentum, these two 
photons are always emitted in opposite directions. The y spectrum from a thick posi-
tron source will thus show a peak at 511 keY (corresponding to the detection of one of 
the annihilation photons) in addition to the peaks characteristic of transitions in the 
daughter nucleus. Figure 1.4 shows the spectrum observed with a thick 22Na source. 

ANNIHILATION 

PEAK 

0.511 MeV 

Pulse height 

1.7 Internal Conversion 

1.27 MeV 

Fig. 1.4. Gamma-ray spectrum of a 22Na source 
as observed with a NaI detector. Because of 
positron annihilation in the detector and the 
source itself, a peak at 511 keY is observed corre-
sponding to the detection of one of the annihila-
tion photons 

While the emission of a y-ray is usually the most common mode of nuclear de-excita-
tion, transitions may also occur through internal conversion. In this process, the 
nuclear excitation energy is directly transferred to an atomic electron rather than emit-
ted as a photon. The electron is ejected with a kinetic energy equal to the excitation 
energy minus its atomic binding energy. Unlike {J-decay, therefore, internal conversion 
electrons are monoenergetic having approximately the same energy as the competing 
y's, i.e., a few hundred keY to a few MeV. 

While the K-shell electrons are the most likely electrons to be ejected, electrons in 
other orbitals may also receive the excitation energy. Thus, an internal conversion 
source will exhibit a group of internal conversion lines, their differences in energy being 
equal to the differences in the binding energies of their respective orbitals. 

Internal conversion sources are one of the few nuclear sources of monoenergetic 
electrons and are thus very useful for calibration purposes. Some internal conversion 
sources readily found in the laboratory are given in Table 1.4. 

Table 1.4. Some internal conversion sources 

Source 

207Bi 
137Cs 
113Sn 
133Ba 

Energies [keY) 

480,967, 1047 
624 
365 
266, 319 



Heavy charged particle (mainly α ray)
• α ray（4He nucleus） 
• Stable particle（Why？） 
• Emission from nucleus (α dacay) 

• With an accelerator, a proton and other heavy 
charged particle can be produced

!13
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4 1. Basic Nuclear Processes in Radioactive Sources 

particles, therefore, show a monoenergetic energy spectrum. As well, since barrier 
transmission is dependent on energy, all a-sources are generally limited to the range 
::::4 - 6 MeV with the higher energy sources having the higher transmission probability 
and thus the shorter half-life. For this reason also, most a-decays are directly to the 
ground state of the daughter nucleus since this involves the highest energy change. 
Decays to excited states of the daughter nucleus are nevertheless possible, and in such 
nuclei, the energy spectrum shows several monoenergetic lines each corresponding to a 
decay to one of these states. Some of the more commonly used sources are listed below 
in Table 1.2. 

Table 1.2. Characteristics of some alpha emitters 

Isotope Half-life Energies [MeV] Branching 

241Am 433 yrs. 5.486 85070 
5.443 12.8% 

210pO 138 days 5.305 100% 
242Cm 163 days 6.113 74% 

6.070 26% 

Because of its double charge, + 2e, alpha particles have a very high rate of energy 
loss in matter. The range of a 5 MeV a-particle in air is only a few centimeters, for 
example. For this reason it is necessary to make a sources as thin as possible in order to 
minimize energy loss and particle absorption. Most a-sources are made, in fact, by de-
positing the isotope on the surface of a suitable backing material and protecting it with 
an extremely thin layer of metal foil. 

1.3 Beta Decay 

Beta particles are fast electrons or positrons which result from the weak-interaction 
decay of a neutron or proton in nuclei which contain an excess of the respective 
nucleon. In a neutron-rich nucleus, for example, a neutron can transform itself into a 
proton via the process 

(1.2) 

where an electron and anti neutrino are emitted. (The proton remains bound to the 
nucleus.) The daughter nucleus now contains one extra proton so that its atomic num-
ber is increased by 1. 

Similarly, in nuclei with too many protons, the decay 

(1.3) 

can occur, where a positron and a neutrino are now emitted and the atomic number is 
decreased by 1. Both are mediated by the same weak interaction. 

A basic characteristic of the [J-decay process is the continuous energy spectrum of 
the [J-particle. This is because the available energy for the decay (the Q-value) is shared 



X ray and γ ray
• High energy photons 
• γray often follows β decay. 
• annihilation γ ray （from β+ decay） 
• e+e-→γγ 

• γ ray from nuclear reaction 
• Bremsstrahlung 
• Characteristics X ray 
• Synchrotron Radiation

!15



X ray and γ ray
•

!16

Characteristic X ray

γ ray from β decay

1.3 Beta Decay 5 

between the ,8-particle and the neutrino (or antineutrino) which usually goes undetect-
ed. A typical spectrum is shown in Fig. 1.2. If the small recoil energy of the daughter 
nucleus is ignored, the maximum energy of this spectrum should correspond to the Q-
value for the reaction. For most beta sources, this maximum value ranges from a few 
tens of keV to a few MeV. 

In very many ,8-sources, the daughter nucleus is left in an excited state which decays 
immediately with the emission of one or more y photons (see Sect. 1.5). This is il-
lustrated in the level diagram shown in Fig. 1.3. These sources, therefore, are also emit-
ters of y radiation. Most ,8-sources are of this type. Pure ,8-emitters exist but the list is 
astonishingly short as is seen in Table 1.3. 

Table 1.3. List of pure rr emitters 

Source 

3H 
14C 
32p 
33p 

35S 

36CI 
45Ca 

63Ni 
90Sr/90y 
99Tc 
147Pm 
204n 

Half-life 

12.26 yr 
5730 yr 
14.28 d 
24.4 d 
87.9 d 
3.08 X 105 yr 
165 d 
92yr 
27.7 yr/64 h 
2.12 X 105 yr 
2.62 yr 
3.81 yr 

Emax [MeV] 

0.0186 
0.156 
1.710 
0.248 
0.167 
0.714 
0.252 
0.067 
0.54612.27 
0.292 
0.224 
0.766 

Some,8 sources may also have more than one decay branch, i.e., they can decay to 
different excited states of the daughter nucleus. Each branch constitutes a separate ,8-
decay with an end-point energy corresponding to the energy difference between the 
initial and final states and is in competition with the other branches. The total ,8-spec-
trum from such a source is then a superposition of all the branches weighted by their 
respective decay probabilities. 

Since electrons lose their energy relatively easily in matter, it is important that ,8-
sources be thin in order to allow the ,8's to escape with a minimum of energy loss and 
absorption. This is particularly important for positron sources since the positron can 
annihilate with the electrons in the source material or surrounding container. A too 

712- 270d 

5/T EC 
0.0144 

7/2+ 27yr 
137C5 /92 0/0 

rr 0.662 
y 0 

137Sa 

Fig. 1.3. Nuclear level diagrams of a few common gamma 
sources 

Energy Emax 

Fig. 1.2. Typical continuous ener-
gy spectrum of beta decay elec-
trons 

electron

X ray

Secondary X ray
Characteristic X ray

X ray Spectrum   



X ray source とX ray picture
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INTPIX4のX線照射試験２
• 煮干しの胸部・腹部X線画像

2011. 05 / 14 SAT 高エネルギー物理春の学校 -武田彩希 25Fig.煮干しの胸部・腹部X線画像

5mm5mm

by Aki Takeda (Kyoto University)  
at the High Energy Physics Spring School



Synchrotron Radiation
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Passage of Radiation 
Through Matter
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2. Energy Loss of (Heavy) Charged Particle 
(by Atomic Collisions)

•Path length of radiation 
• How is the scale determined? 

• In a typical material (solid or liquid of density ~1 g/cm3) 
• α ray:  10-5 m 
• β ray:  10-3 m 
• γ ray:  10-1 m 
• Neutron:  10-1 m    

• In a gas (or atmosphere), the path length is 1000 times longer 
because of the density difference.

!20



2. Energy Loss of Charged Particle
1. The Bethe-Bloch Formula 

1. Basic of Basics  
2. Energy loss per unit length when a charged particle 
pass through matters.

!21

24 2. Passage of Radiation Through Matter 

for lighter particles, e.g. the proton, the formula breaks down because of quantum 
effects. It nevertheless contains all the essential features of electronic collision loss by 
charged particles. 

2.2.2 The Bethe-Bloch Formula 

The correct quantum-mechanical calculation was first performed by Bethe, Bloch and 
other authors. In the calculation the energy transfer is parametrized in terms of 
momentum transfer rather than the impact parameter. This, of course, is more realistic 
since the momentum transfer is a measurable quantity whereas the impact parameter is 
not. The formula obtained is then 

(2.26) 

Equation (2.26) is commonly known as the Bethe-Bloch formula and is the basic ex-
pression used for energy loss calculations. In practice, however, two corrections are 
normally added: the density effect correction and the shell correction C, so that 

- dE = 2nN r2 m c2 p [In (2m e y2 v2 Wmax ) _2132_ EJ ' (2.27) 
dx a e e A 132 12 Z 

with 

r e: classical electron 
radius = 2.817 x 10 -13 cm 

me: electron mass 
Na: Avogadro's 

number = 6.022 x 1023 mol- 1 

1: mean excitation potential 
Z: atomic number of absorbing 

material 
A: atomic weight of absorbing material 

p: 
z: 

[3= 
y = 

C: 

density of absorbing material 
charge of incident particle in 
units of e 
vic of the incident particle 
lIV1 - 13 2 

density correction 
shell correction 

W max: maximum energy transfer in a 
single collision. 

The maximum energy transfer is that produced by a head-on or knock-on collision. For 
an incident particle of mass M, kinematics gives 

2mec2172 
(2.28) 

where s = melM and 17 = [3y. Moreover, if me, then 

The Mean Excitation Potential. The mean excitation potential, 1, is the main parameter 
of the Bethe-Bloch formula and is essentially the average orbital frequency v from 
Bohr's formula times Planck's constant, h v. It is theoretically a logarithmic average of 



• In Water（density～１g/cm3）, the average energy loss is 
~2MeV/cm 

• A particle with minimum energy loss is often called as MIP 
(Minimum Ionization Particle) 
• [Q] What is the momentum of a muon to be MIP?

!22

β-2 effect

ln[γ2β2] effect

Minimum Ionization



How to derive the Bethe-Bloch Formula
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22 2. Passage of Radiation Through Matter 

The inelastic collisions are, of course, statistical in nature, occurring with a certain 
quantum mechanical probability. However, because their number per macroscopic 
pathlength is generally large, the fluctuations in the total energy loss are small and one 
can meaningfully work with the average energy loss per unit path length. This quantity, 
often called the stopping power or simply dEldx, was first calculated by Bohr using 
classical arguments and later by Bethe, Bloch and others using quantum mechanics. 
Bohr's calculation is, nevertheless, very instructive and we will briefly present a simpli-
fied version due to Jackson [2.1] here. 

2.2.1 Bohr's Calculation - The Classical Case 

Consider a heavy particle with a charge ze, mass M and velocity v passing through 
some material medium and suppose that there is an atomic electron at some distance b 
from the particle trajectory (see Fig. 2.2). We assume that the electron is free and 
initially at rest, and furthermore, that it only moves very slightly during the interaction 
with the heavy particle so that the electric field acting on the electron may be taken at 
its initial position. Moreover, after the collision, we assume the incident particle to be 
essentially undeviated from its original path because of its much larger mass me)' 
This is one reason for separating electrons from heavy particles! 

e 

I 

," -----Z----- ill -i'b 
I .. x 
\ M.ze \! Fig. 2.2. Collision of a heavy charged particle with an atomic 
1,- ___________ electron 

Let us now try to calculate the energy gained by the electron by finding the 
momentum impulse it receives from colliding with the heavy particle. Thus 

(2,.16) 

where only the component of the electric field E1. perpendicular to the particle trajec-
tory enters because of symmetry. To calculate the integral JE1. dx, we use Gauss' Law 
over an infinitely long cylinder centered on the particle trajectory and passing through 
the position of the electron. Then 

so that 

2ze 2 
1=--

bv 

and the energy gained by the electron is 

/2 2z2e4 
L1E(b) =--= 

2 me m ev 2 b 2 

(2.17) 

(2.18) 

(2.19) 

2.2 Energy Loss of Heavy Charged Particles by Atomic Collisions 23 

If we let Ne be the density of electrons, then the energy lost to all the electrons 
located at a distance between band b + db in a thickness dx is 

(2.20) 

where the volume element dV = 2nb db dx. Continuing in a straight forward manner, 
one would at this point be tempted to integrate (2.20) from b = 0 to 00 to get the total 
energy loss; however, this is contrary to our original assumptions. For example, 
collisions at very large b would not take place over a short period of time, so that our 
impulse calculation would not be valid. As well, for b = 0, we see that (2.19) gives an 
infinite energy transfer, so that (2.19) is not valid at small b either. Our integration, 
therefore, must be made over some limits bmin and bmax between which (2.19) holds. 
Thus, 

dE 

dx 

2 4 b 4nz e N 1 max 
---"'2- e n--

mev bmin 
(2.21) 

To estimate values for bmin and bmax , we must make some physical arguments. 
Classically, the maximum energy transferable is in a head-on collision where the 
electron obtains an energy of -!-m e(2 V)2. If we take relativity into account, this becomes 
2 y2mev2, where y = (1- p2)-1I2 and p = vic. Using (2.19) then, we find 

(2.22) 

For bmax , we must recall now that the electrons are not free but bound to atoms with 
some orbital frequency v. In order for the electron to absorb energy, then, the pertur-
bation caused by the passing particle must take place in a time short compared to the 
period T = 1/ v of the bound electron, otherwise, the perturbation is adiabatic and no 
energy is transferred. This is the principle of adiabatic invariance. For our collisions the 
typical interaction time is t = blv, which relativistically becomes t fly = bl(yv), so 
that 

b 1 

yv V 
(2.23) 

Since there are several bound electron states with different frequencies v, we have used 
here a mean frequency, v, averaged over all bound states. An upper limit for b, then, is 

yv 
bmax =-. 

V 

Substituting into (2.21), we find 

(2.24) 

(2.25) 

This is essentially Bohr's classical formula. It gives a reasonable description of the 
energy loss for very heavy particles such as the a-particle or heavier nuclei. However, 



Principle of Bethe-Bloch Formula
• Electromagnetic Interaction 
• The charged particle has an interaction with electrons in atoms  
• From a distance, an atom looks neutral that results in no 
electromagnetic interactions. 

• In a close distance, the charged particle observes 
• electrons (size of electron’s orbit = size of the atom):  ~10-10 m 
• nucleus (or proton)：　~10-15 m 
• [Q] In order to observe atoms, how much energy (how long 
wavelength) does a photon have? In order to observe nucleus, how 
much energy does photon have?
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What particle is the Bethe-Bloch Formula applicable to? 
• Charged Particle (Electromagnetic interaction requires a 
charge) 
• Electron, Proton, Muon, α particle（He nucleus）, etc.. 

• Except for an electron! 
• Why is an electron the exception?

!25

From JAEA
• Because the target particle is the electron 
• Electron: same mass as the target particle. It does not go straight 
because of scattering. 

• Heavy Charged particle: The mass is heavier than that of the target 
particle (electron), and go straight with less scattering.



Energy observed
• We observe the following energy distribution when a 
cosmic ray muon pass through scintillator. The 
distribution is called as the Landau distribution.
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Summary of the Bethe-Bloch Formula

• Electromagnetic Interaction 
• A charged particle interacts with electrons in atoms 
• Applicable to all type of charged particle except for an 
electron. 

• dE/dx is proportional to β-2 in the low energy region. 
• In the case of water or plastic (the density ~1g/cm3), the 
average energy loss is 2MeV/cm
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In the case of electrons

• coll:  Modified Bethe-Bloch Formula for an electron (An incident 
and the target particles are identical) 

• rad:  Radiation loss by Bremsstrahlung
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Radiation length

• Radiation length X0：The length when the energy becoming 1/e by 
radiation. 
• corresponding to the length of electromagnetic interactions. 
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Characters of Interaction
• When a charged particle with the mass M and the 
kinematic energy E interacts with an electron with the 
mass me, the maximum energy loss by one collision is 
4Eme/M. In the case of an alpha particle with energy of 5 
MeV, me/M~0.511MeV/4000 MeV~1/10000 and the 
maximum energy by one collision is 4*5/10000~2 keV.  

• When the charged particle interacts the electron, 
• The atom is excited or ionized, 
• The electron is kicked out from the atom and moves 
as the secondary particle if the electron energy is 
high enough.  
• called “delta ray”
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Stopping power
• The “dE/dx” is sometimes called as “linear stopping power”. 
• It depends on the type of the particle 
• In the experiment, the character is used for the 
identification of the particle.

!32
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Other Corrections. In addition to the shell and density effects, the validity and ac-
curacy of the Bethe-Bloch formula may be extended by including a number of other 
corrections pertaining to radiation effects at ultrarelativistic velocities, kinematic ef-
fects due to the assumption of an infinite mass for the projectile, higher-order QED 
processes, higher-order terms in the scattering cross-section, corrections for the in-
ternal structure of the particle, spin effects and electron capture at very slow velocities. 
With the exception of electron-capture effects with heavy ions, these are usually 
negligible to within =:: 1 070. An outline of these additional factors may be found in the 
articles by Ahlen [2.5 - 6]. For "elementary" particles, the Bethe-Bloch formula with 
the shell and density corrections is more than sufficient however. 

2.2.3 Energy Dependence 

An example of the energy dependence of dE/dx is shown in Fig. 2.4 which plots the 
Bethe-Bloch formula as a function of kinetic energy for several different particles. At 
non-relativistic energies, dE/dx is dominated by the overall 11/32 factor and decreases 
with increasing velocity until about v =::O.96c, where a minimum is reached. Particles at 
this point are known as minimum ionizing. Note that the minimum value of dE/dx is 
almost the same for all particles of the same charge. As the energy increases beyond this 
point, the term 11/32 becomes almost constant and dE/dx rises again due to the 
logarithmic dependence of (2.27). This relativistic rise is cancelled, however, by the 
density correction as seen in Fig. 2.3. 

For energies below the minimum ionizing value, each particle exhibits a dE/dx 
curve which, in most cases, is distinct from the other particle types. This characteristic 
is often exploited in particle physics as a means for identifying particles in this energy 
range. 

Not shown in Fig. 2.4, is the very low energy region, where the Bethe-Bloch formula 
breaks down. At low velocities comparable to the velocity of the orbital electrons of the 
material, dE/dx, in fact, reaches a maximum and then drops sharply again. Here, a 
number of complicated effects come into play. The most important of these is the 
tendency of the particle to pick up electrons for part of the time. This lowers the effec-
tive charge of the particle and thus its stopping power. Calculating this effective charge 
can be a difficult problem especially for heavy ions. 
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Fig. 2.4. The stopping power dE/dx as 
function of energy for different particles 



Bragg Curve

• Around the maximum penetration depth (when a particle is stopping), 
the dE/dx becomes maximum. Why? 
• This character is often used for the cancer treatment by radiation 
of heavy charged particles (proton, alpha or nucleus). Since the 
heavy charged particles deposit the large amount of energy when 
stopping, they kill cancel cells around the stopping point efficiently.
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Penetration depth 

2. Passage of Radiation Through Matter 

Fig. 2.S. A typical Bragg curve showing the variation of dE/dx as 
a function of the penetration depth of the particle in matter. The 
particle is more ionizing towards the end of its path 

From Fig. 2.4, it is clear that as a heavy particle slows down in matter, its rate of 
energy loss will change as its kinetic energy changes. And indeed, more energy per unit 
length will be deposited towards the end of its path rather than at its beginning. This ef-
fect is seen in Fig. 2.5 which shows the amount of ionization created by a heavy particle 
as a function of its position along it slowing-down path. This is known as a Bragg 
curve, and, as can be seen, most of the energy is deposited near the end of the trajec-
tory. At the very end, however, it begins to pick up electrons and the dEldx drops. This 
behavior is particularly used in medical applications of radiation where it is desired to 
deliver a high dose of radiation to deeply embedded malignant growths with a 
minimum of destruction to the overlaying tissue. 

2.2.4 Scaling Laws for dEldx 

For particles in the same material medium, the Bethe-Bloch formula can be seen to be 
of the form 

(2.34) 

wheref(p) is a function of the particle velocity only. Thus, the energy loss in any given 
material is dependent only on the charge and velocity of the particle. Since the kinetic 
energy T = (y -1)Mc 2, the velocity is a function of TIM, so that P = g(TIM). We can 
therefore transform (2.34) to 

_ dE = Z 2 l' . 
dx M 

(2.35) 

This immediately suggests a scaling law: if we know the dEl dx for a particle of mass 
M j and charge Zj , then the energy loss of a particle of mass M 2 , charge Z2 and energy T2 
in the same material may be found from the values of particle 1 by scaling the energy of 
particle 2 to T= T2(Mj IM1) and multiplying by the charge ratio (zl lzj)2, i.e., 

_ dE2 (T2) = _ dEj (T2 Mj) . 
dx Zj dx M2 

(2.36) 

2.2.5 Mass Stopping Power 

When dEl dx is expressed in units of mass thickness, it is found to vary little over a wide 
range of materials. Indeed, if we make the dependence on material type more evident in 
the Bethe-Bloch formula, we find 



Range

• Range: the number of particles becomes half after they pass the length of range . 
• For a proton with energy of 100 MeV, the range is several cm or so in aluminium. 
• [Q] What is the range of a pion with 100 MeV?
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Absorber thickness 
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RANGE RANGE 

the ratio of transmitted to incident particles. A typical curve of this ratio versus ab-
sorber thickness, known as a range number-distance curve, is shown in Fig. 2.7. As can 
be seen, for small thicknesses, all (or practically all) the particles manage to pass 
through. As the range is approached this ratio drops. The surprising thing, however, is 
that the ratio does not drop immediately to the background level, as expected of a well 
defined quantity. Instead the curve slopes down over a certain spread of thicknesses. 
This result is due to the fact that the energy loss is not in fact continuous, but statistical 
in nature. Indeed, two identical particles with the same initial energy will not in general 
suffer the same number of collisions and hence the same energy loss. A measurement 
with an ensemble of identical particles, therefore, will show a statistical distribution of 
ranges centered about some mean value. This phenomenon is known as range 
straggling. In a first approximation, this distribution is Gaussian in form. The mean 
value of the distribution is known as the mean range and corresponds to the midpoint 
on the descending slope of Fig. 2.7. This is the thickness at which roughly half the 
particles are absorbed. More commonly, however, what is desired is the thickness at 
which all the particles are absorbed, in which case the point at which the curve drops to 
the background level should be taken. This point is usually found by taking the tangent 
to the curve at the midpoint and extrapolating to the zero-level. This value is known as 
the extrapolated or practical range (see Fig. 2.7). 

From a theoretical point of view, we might be tempted to calculate the mean range 
of a particle of a given energy, To, by integrating the dE/dx formula, 

To ( )-1 
SeTa) = 1 dE. (2.46) 

This yields the approximate pathlength travelled. Equation (2.46) ignores the effect of 
multiple Coulomb scattering, however, which causes the particle to follow a zigzag 
path through the absorber (see Fig. 2.14). Thus, the range, defined as the straight-line 
thickness, will generally be smaller than the total zigzag pathlength. 

As it turns out, however, the effect of mUltiple scattering is generally small for 
heavy charged particles, so that the total path length is, in fact, a relatively good ap-
proximation to the straight-line range. In practice, a semi-empirical formula must be 
used, 
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Fig. 2.8. Calculated range curves of different heavy 
particles in aluminium 

(2.47) 

where T min is the minimum energy at which the dE/dx formula is valid, and Ro(T min) is 
an empirically determined constant which accounts for the remaining low energy 
behavior of the energy loss. Results accurate to within a few percent can be obtained in 
this manner. 2 Figure 2.8 shows some typical range-energy curves for different particles 
calculated by a numerical integration of the Bethe-Bloch formula. From its almost 
linear form on the log-log scale, one might expect a relation of the type 

(2.48) 

This can also be seen from the stopping power formula, which at not too high energies, 
is dominated by the p-2 term, 

-dE/dx ex P-2 ex T- 1 , 

where T is the kinetic energy. Integrating, we thus find 

Rex T2, 

(2.49) 

(2.50) 

2 We might emphasize here that the range as calculated by (2.47) only takes into account energy losses due to 
atomic collisions and is valid only as long as atomic collisions remain the principal means of energy loss. At 
very high energies, where the range becomes larger than the mean free path for a nuclear interaction or for 
bremsstrahlung emission, this is no longer true and one must take into account these latter interactions as 
well. 
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where T min is the minimum energy at which the dE/dx formula is valid, and Ro(T min) is 
an empirically determined constant which accounts for the remaining low energy 
behavior of the energy loss. Results accurate to within a few percent can be obtained in 
this manner. 2 Figure 2.8 shows some typical range-energy curves for different particles 
calculated by a numerical integration of the Bethe-Bloch formula. From its almost 
linear form on the log-log scale, one might expect a relation of the type 

(2.48) 

This can also be seen from the stopping power formula, which at not too high energies, 
is dominated by the p-2 term, 

-dE/dx ex P-2 ex T- 1 , 

where T is the kinetic energy. Integrating, we thus find 

Rex T2, 

(2.49) 

(2.50) 

2 We might emphasize here that the range as calculated by (2.47) only takes into account energy losses due to 
atomic collisions and is valid only as long as atomic collisions remain the principal means of energy loss. At 
very high energies, where the range becomes larger than the mean free path for a nuclear interaction or for 
bremsstrahlung emission, this is no longer true and one must take into account these latter interactions as 
well. 



Range of electrons
• Electrons do not go straight.
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Fig. 2.12. Range curves for electrons in several materials as 
calculated in the continuous slowing down approximation 
(data from [2.17]) 

Fig. 2.13. Absorption curves for beta decay electrons from 
185W (from Baltakamens et at. [2.18]) 
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As for heavy particles, a number of empirical range-energy relations have been 
formulated. Figure 2.12 presents some typical range-energy curves for electrons in vari-
ous materials as calculated assuming a continuous slowing-down process. A tabulation 
of ranges for different materials is also given by Pages et al. [2.17]. 

! 2.4.7 The Absorption of p Electrons 

Because of their continuous spectrum of energies, the absorption of p-decay electrons 
exhibits a behavior which is very well approximated by an exponential form. This is il-
lustrated in Fig. 2.13 which shows the number-distance curves for different absorbers 
plotted on a semi-logarithmic scale. As can be seen, the curves are almost linear and are 
easily fit by 

1 = 10 exp ( - /1x) . (2.85) 
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As for heavy particles, a number of empirical range-energy relations have been 
formulated. Figure 2.12 presents some typical range-energy curves for electrons in vari-
ous materials as calculated assuming a continuous slowing-down process. A tabulation 
of ranges for different materials is also given by Pages et al. [2.17]. 

! 2.4.7 The Absorption of p Electrons 

Because of their continuous spectrum of energies, the absorption of p-decay electrons 
exhibits a behavior which is very well approximated by an exponential form. This is il-
lustrated in Fig. 2.13 which shows the number-distance curves for different absorbers 
plotted on a semi-logarithmic scale. As can be seen, the curves are almost linear and are 
easily fit by 

1 = 10 exp ( - /1x) . (2.85) 



Range of electrons: Back Scattering
• Electrons do not go straight. 
• sometimes scattered backward.
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Absorber 

e 

Fig. 2.16. Backscattering of elec-
trons due to large angle multiple 
scatterings 

48 2. Passage of Radiation Through Matter 

where the mean squared projected scattering angle (8;) is related to the space scatter-
ing angle by (8;) = (8 2)/2. 

From Fig. 2.14, there is also a lateral displacement of the particle. This is usually 
very small, however, and if one calculates this distribution, one finds 

(2.91) 

with r: displacement; t = xlLrad: thickness in radiation lengths. By comparison, the 
mean squared displacement is then 

(2.92) 

Note also that the appearance of the radiation length is fortuitous here; it, of course, 
has nothing to do with multiple scattering and is only used as a simplification. 

2.5.2 Backscattering of Low-Energy Electrons 

Because of its small mass, electrons are particularly susceptible to large angle deflec-
tions by scattering from nuclei. This probability is so high, in fact, that multiply scat-
tered electrons may be turned around in direction altogether, so that they are backscat-
tered out of the absorber. This is illustrated schematically in Fig. 2.16. The effect is 
particularly strong for low energy electrons, and increases with the atomic number Z of 
the material. Backscattering also depends on the angle of incidence. Obviously 
electrons entering at obliques angles to the surface of the absorber have a greater 
probability of being scattered out than those incident along the perpendicular. 

The ratio of the number of back scattered electrons to incident electrons is known as 
the backscattering coefficient or albedo. Figure 2.17 shows some measured coefficients 
for various materials and electron energies. Backscattering is an important considera-
tion for electron detectors where depending on the geometry and energy, a large 
fraction of electrons may be scattered out before being able to produce a usable signal. 
For non-collimated electrons on a high-Z material such as NaI, for example, as much 
as 800/0 may be reflected back. 
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Fig. 2.17. Some measured electron back scattering coefficients for various materials. The electrons are per-
pendicularly incident on the surface of the sample (from Tabata et al. [2.24)) 



Interactions of a positron (e+)
• Same as an electron when it is moving. 
• When the positron stops, it forms a positronium (e+e-) with an electron 
and annihilates to photons.  
• e++e- → γγ  or γγγ 
• γγ from para-positronium (Spin 0) 
• γγγfrom ortho-positronium (Spin 1) 
• [Q] What is the spin of photon? 
• [Q] What is the lifetime of positroniums？
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1.6 Annihilation Radiation 

Another source of high-energy photons is the annihilation of positrons. If a positron 
source such as 22Na is enclosed or allowed to irradiate an absorbing material, the posi-
trons will annihilate with the absorber electrons to produce two photons, each with an 
energy equal to the electron mass: 511 keV. In order to conserve momentum, these two 
photons are always emitted in opposite directions. The y spectrum from a thick posi-
tron source will thus show a peak at 511 keY (corresponding to the detection of one of 
the annihilation photons) in addition to the peaks characteristic of transitions in the 
daughter nucleus. Figure 1.4 shows the spectrum observed with a thick 22Na source. 

ANNIHILATION 

PEAK 

0.511 MeV 

Pulse height 

1.7 Internal Conversion 

1.27 MeV 

Fig. 1.4. Gamma-ray spectrum of a 22Na source 
as observed with a NaI detector. Because of 
positron annihilation in the detector and the 
source itself, a peak at 511 keY is observed corre-
sponding to the detection of one of the annihila-
tion photons 

While the emission of a y-ray is usually the most common mode of nuclear de-excita-
tion, transitions may also occur through internal conversion. In this process, the 
nuclear excitation energy is directly transferred to an atomic electron rather than emit-
ted as a photon. The electron is ejected with a kinetic energy equal to the excitation 
energy minus its atomic binding energy. Unlike {J-decay, therefore, internal conversion 
electrons are monoenergetic having approximately the same energy as the competing 
y's, i.e., a few hundred keY to a few MeV. 

While the K-shell electrons are the most likely electrons to be ejected, electrons in 
other orbitals may also receive the excitation energy. Thus, an internal conversion 
source will exhibit a group of internal conversion lines, their differences in energy being 
equal to the differences in the binding energies of their respective orbitals. 

Internal conversion sources are one of the few nuclear sources of monoenergetic 
electrons and are thus very useful for calibration purposes. Some internal conversion 
sources readily found in the laboratory are given in Table 1.4. 

Table 1.4. Some internal conversion sources 

Source 

207Bi 
137Cs 
113Sn 
133Ba 

Energies [keY) 

480,967, 1047 
624 
365 
266, 319 



Interaction of Photons 
̶ X ray and γ ray ̶
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3. Interaction of Photons
•Important Plots 

• Remember: 
• In a typical material (solid or 
liquid of density ~1 g/cm3) 
• α ray:  10-5 m 
• β ray:  10-3 m 
• γ ray:  10-1 m 
• Neutron:  10-1 m   
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2.8 The Interaction of Neutrons 
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Fig. 2.29. Total photon absorption cross 
section for lead 

(2.135) 

where wi is the weight fraction of each element in the compound. 

2.8 The Interaction of Neutrons 

Like the photon, the neutron lacks an electric charge, so that it is not subject to Cou-
lomb interactions with the electrons and nuclei in matter. Instead, its principal means 
of interaction is through the strong force with nuclei. These reactions are, of course, 
much rarer in comparison because of the short range of this force. Neutrons must come 
within =:: 10 -13 cm of the nucleus before anything can happen, and since normal matter 
is mainly empty space, it is not surprising that the neutron is observed to be a very 
penetrating particle. 

When the neutron does interact, however, it may undergo a variety of nuclear pro-
cesses depending on its energy. Among these are: 

1) Elastic scattering from nuclei, i.e., A(n, n)A. This is the principal mechanism of 
energy loss for neutrons in the MeV region. 

2) Inelastic scattering, e.g., A (n, n')A *, A (n, 2 n')B, etc. In this reaction, the nucleus 
is left in an excited state which may later decay by gamma-ray or some other form of 
radiative emission. In order for the inelastic reaction to occur, the neutron must, of 
course, have sufficient energy to excite the nucleus, usually on the order of 1 MeV or 
more. Below this energy threshold, only elastic scattering may occur. 
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where wi is the weight fraction of each element in the compound. 

2.8 The Interaction of Neutrons 

Like the photon, the neutron lacks an electric charge, so that it is not subject to Cou-
lomb interactions with the electrons and nuclei in matter. Instead, its principal means 
of interaction is through the strong force with nuclei. These reactions are, of course, 
much rarer in comparison because of the short range of this force. Neutrons must come 
within =:: 10 -13 cm of the nucleus before anything can happen, and since normal matter 
is mainly empty space, it is not surprising that the neutron is observed to be a very 
penetrating particle. 

When the neutron does interact, however, it may undergo a variety of nuclear pro-
cesses depending on its energy. Among these are: 

1) Elastic scattering from nuclei, i.e., A(n, n)A. This is the principal mechanism of 
energy loss for neutrons in the MeV region. 

2) Inelastic scattering, e.g., A (n, n')A *, A (n, 2 n')B, etc. In this reaction, the nucleus 
is left in an excited state which may later decay by gamma-ray or some other form of 
radiative emission. In order for the inelastic reaction to occur, the neutron must, of 
course, have sufficient energy to excite the nucleus, usually on the order of 1 MeV or 
more. Below this energy threshold, only elastic scattering may occur. 



Interactions of Photons
(1) Photoelectric Effect [in low energy]　 
(2) Compton Scattering [in medium energy] 
(3) Pair production [in high energy]
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(1) Photoelectric Effect

!41

•A photon is absorbed by an atom, and an electron (called a photo-
electron) is emitted. 
•This interaction occurs between a photon and an atom. 
•The probability that the electron in the K-shell (in the most 
inner orbit) is emitted is high. 
•The probability is high when the atomic number Z is large.

photon

nucleus

electron  (or call photo-electron)



•[Q] 
•Doesn’t this process occur with a 
free electron? 

•Why does this process often happen 
with the K-shell electron? 

•Why does the probability become 
lower when the photon energy is 
higher?
!42

Energy of  
photo-electron

Interaction 
Probability

hν(=Eγ)：Photon Energy 
Eb：Electron binding energy

n=4～5

54 2. Passage of Radiation Through Matter 

The absorption coefficient is a quantity which is characteristic of the absorbing 
material and is directly related to the total interaction cross-section. This is a quantity 
often referred to when discussing y-ray detectors. However, let us first discuss the three 
processes individually before turning to the calculation of the absorption coefficient. 

2.7.1 Photoelectric Effect 

The photoelectric effect involves the absorption of a photon by an atomic electron with 
the subsequent ejection of the electron from the atom. The energy of the outgoing elec-
tron is then 

E = hv-B.E., (2.102) 

where B. E. is the binding energy of the electron. 
Since a free electron cannot absorb a photon and also conserve momentum, the 

photoelectric effect always occurs on bound electrons with the nucleus absorbing the 
recoil momentum. Figure 2.21 shows a typical photoelectric cross section as a function 
of incident photon energy. As can be seen, at energies above the highest electron bind-
ing energy of the atom (the K shell), the cross section is relatively small but increases 
rapidly as the K-shell energy is approached. Just after this point, the cross section drops 
drastically since the K-electrons are no longer available for the photoelectric effect. 
This drop is known as the K absorption edge. Below this energy, the cross section rises 
once again and dips as the L, M, levels, etc. are passed. These are known respectively as 
the L-absorption edges, M-absorption edge, etc. 

Theoretically, the photoelectric effect is difficult to treat rigorously because of the 
complexity of the Dirac wavefunctions for the atomic electrons. For photon energies 
above the K-shell, however, it is almost always the K electrons which are involved. If 
this is assumed and the energy is nonrelativistic, i.e., the cross-section can 
then be calculated using a Born approximation. In such a case, one obtains 

K-EDGE 

10-2 10° 102 
Fig. 2.21. Calculated photoelectric cross section for lead 

Energy [MeV] 



Process following photoelectric effect
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•After the electron (in the K-shell) is emitted in the 
photoelectric effect, a characteristic X ray is often emitted 
by de-excitation of the electron from the L-shell (outer orbit). 
•(Example: Energy) EX-ray = EL-electron - EK-electron  

•Instead of the characteristic X ray, the energy is transferred 
to the L-shell electron and the L-shell electron is emitted 
(called Auger electron).

photon

nucleus

electron  (or call photo-electron)



(2) Compton Scattering
•A photon (X ray, γray) is scattered by (almost free) 
electron.
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(2.103) 

with (/)0 = 8 = 6.651 X 10- 25 cm2; a = 11137 . 

For energies closer to the K-edge,(2.103)must be multiplied by a correction factor to 
give 

m 27n(137)3 [Vk]4 
'Pphoto = (/)0 2 - per atom, 

Z v 1 - exp ( - 2 n 
(2.104) 

wherehvk=(Z-0.03)2mec2a2/2 and For v very close to vb 

C l iP1, so that (2.104) can be simplified to 

_ 6.3xlO- 18 (Vk)8/3 
cf>photo - Z2 --;- (2.105) 

Formulas for the Land M shells have also been calculated, but these are even more 
complicated than those above. The reader is referred to Davisson [2.38] for these 
results. 

It is interesting to note the dependence of the cross section on the atomic number Z. 
This varies somewhat depending on the energy of the photon, however, at MeV ener-
gies, this dependence goes as Z to the 4th or 5th power. Clearly, then, the higher Z 
materials are the most favored for photoelectric absorption, and, as will be seen in later 
chapters, are an important consideration when choosing y-ray detectors. 

2.7.2 Compton Scattering 

Compton scattering is probably one of the best understood processes in photon interac-
tions. As will be recalled, this is the scattering of photons on free electrons. In matter, 
of course, the electrons are bound; however, if the photon energy is high with respect to 
the binding energy, this latter energy can be ignored and the electrons can be considered 
as essentially free. 

Figure 2.22 illustrates this scattering process. Applying energy and momentum con-
servation, the following relations can be obtained. 

hv 
hv'=------

1 + y(l - cos 0) 

T=hv-hv'=hv y(1-cosO) 
1 + y(l-cos 0) 

2 
cosO = 1 - , 

(1 + y)2 tan21fJ+ 1 

o 
cot IfJ = (1 + y) tan - , 

2 

(2.106) 

where y = h vi me c2 . Other relations between the various variables may be found by 
substitution in the above formulae. 

hv 

Fig. 2.22. Kinematics of Comp-
ton scattering 
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1. ʣҎ্ͷपͷޫΛরؔࣄΛ์ग़ͤ͞ΔͨΊʹɺ֤ʑͷۚଐʹԠͯ͋͡Δʢࢠి

ࣹ͢Δඞཁ͕͋Δɻ

2. ͷࢠ͕େ͖͘ͳΔͱɺిڧͳ͘ɺपͷΈʹґଘɻؔʹڧͷΤωϧΪʔޫͷࢠి

͕૿Ճ͢Δɻ

3. ඈͼग़͢ɻʹ࣌ɺ΄΅ॠޙޫͷরࣹࢠి

ه্ 3ͷઆ໌ͱͯ͠ɺ1Wʢ= 107 erg/sʣͷ౾ٿͷޫ͕ɺେ͖͞ rB = 0.5× 10−10cmͷࢠݪʹ

ΤωϧΪʔىྭ 2 eV=3.2× 10−12 ergΛ 100 cmͷڑ͔Β༩͑ΕΔؒ࣌Λͯ͑ߟΈΔɻ

3.2× 10−12

2πr2B × 107 ÷ (4π1002)
∼ 4500ඵ

ͱͳΓɺ2 eVΛੵ͢Δʹ 450ඵʢ7 30ඵʣඞཁͱͳΔɻ͔͠͠ɺۚଐʹޫΛͯΔͱଈ࠲

ඈͼग़͢͜ͱ͔ΒɺޫΤωϧΪʔ͕ࢠిʹ hν > 2 eVҎ্Λࢠཻͨͬ࣋ͱ͑ߟΒΕΔɻʢʣ͜

͜ͰɺޫࢠͷݸΛແٞͨ͠ࢹʹͳ͍ͬͯΔɻ

ਓؒͷ੨͔Βͷޫʢ400nm < λ < 700nmɺΤωϧΪʔͰ͏ݴͱ 3.1eV > E(= hν =

h c
λ ) > 1.8eVʣͷޫײʹࢠ͕͋Γɺޫࢠʹؔͯ͠େମ 100ʙ1000ݸఔͷޫ͕ू·ΕݟΔ

͜ͱ͕ՄͱͳΔɻਓؒͷɺແҙࣝʹɺྔֶྗࢠతݱΛ؍ଌ͍ͯ͠ΔͷͰ͋Δɻ·ͨɺ࠷৽

ͷޫηϯαʔͰޫࢠ Λݸ1 50 %ͷ֬Ͱଌఆ͢Δ͜ͱ͕ՄͰ͋ΔɻʢɿεʔύʔΧϛΦΧϯ

σͷޫηϯαʔޫࢠ Λݸ1 25 %ͷ֬Ͱั·͑ΕΔʣɻ

3.2 ίϯϓτϯࢄཚ

ޫͷཻੑࢠΛࣔ͢͏Ұͭͷྫ͕ίϯϓτϯࢄཚͰ͋ΔɻXઢʢ͘͠ЍઢʣͷࢄཚΛ؍ଌ͢

Δͱ

λ′ = λ+
h

mc
(1− cos θ) (3.2)

ͷ͕ؔͨͬ͋ɻ

͜ͷؔࣜΛޫΛཻࢠͱͯ͠આ໌͠Α͏ɻಛघ૬ରʹΑΕɺӡಈྔ pɺ࣭ྔmͷཻࢠͷΤω

ϧΪʔ E 

E =
√

(pc)2 + (mc2)2 (3.3)

Ͱ༩͑ΒΕΔɻ

ͷΤωϧΪʔmc2ɺӡಈྔࢠঢ়ଶͷిظΔͱ͢Δɻॳ͍ͯͬ·ࢭࢠॳɺి࠷ 0ɺޫࢠͷΤ

ωϧΪʔ hνɺӡಈྔ hν/cʢࣜ 3.3ʣΑΓ E = pcͱͳΔɻऴঢ়ଶͷిࢠͷӡಈྔͷେ͖͞Λ

p′ɺޫͷΤωϧΪʔΛ hν′ ͱ͢Δɻ

ΤωϧΪʔอଘଇ

hν +mc2 =
√

(p′c)2 + (mc2)2 + hν′ (3.4)

ӡಈྔอଘଇ

ʢೖࣹํʣɹ
hν

c
=

hν′

c
cos θ + p′ cosφ (3.5)

ʢਨํʣɹ 0 = −hν′

c
sin θ + p′ sinφ (3.6)
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ࣜ 3.4ΑΓɺ

(pc)2 = {h(ν − ν′) +mc2}2 − (mc2)2 (3.7)

ࣜ 3.5ͱ 3.6ΑΓɺ

(pc)2[cos2 φ+ sin2 φ] = (hν′ sin θ)2 + (hν − hν′ cos θ)2 (3.8)

ࣜ 3.7ͱ 3.8ΑΓɺ

{h(ν − ν′) +mc2}2 − (mc2)2 = (hν′ sin θ)2 + (hν − hν′ cos θ)2 (3.9)

ཧ͢Δͱɺ

hν′ =
hν

1 + hν
mc2 (1− cos θ)

(3.10)

λ = c
ν ͳͷͰɺࣜ 3.2͕ಋ͚Δɻ

λ′ = λ+
h

mc
(1− cos θ)

͜͜Ͱɺ

λcomp ≡ h

mc
# 2.4× 10−10ɹ cm (3.11)

Λίϯϓτϯͱఆٛ͢ΔɻίϯϓτϯޫࢠͷΤωϧΪʔͰ E = h c
λ = 1240eVɾnm

2.4×10−3nm ∼
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͔Δɻ
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ϯιϯ͕ෳͷిࢠͰͨͬߦͷ͕࠷ॳͰ͋Γɺ1ճʹ ݧΛ༻͍ͯͷ࣮ࢠͷిݸ1 1974ʹͳͬ

ͯϐΤʔϧɾδϣϧδϣɾϝϧϦΒ͕ϛϥϊେֶͰͨͬߦɻ1989ʹٕज़ͷਐาΛөͨ͠ࢼ

Λ֎ଜজΒ͕ߦͳ͍ͬͯΔɻ

ਤΛΔɻேӬৼҰͷޫࢠͷࡋͷจষΔɻ

͜ͷ͜ͱ͔ΒɺݹయతʹͷݱෳޮՌͷॏͶ߹ΘͤͰ͋Δ͕ɺྔࢠతʹ ࢠͷཻݸ1

Ͱ͋ͬͯͱͯ͠ͷੑ࣭Λͭ͜ͱ͕͔Δɻͭ·ΓɺҰͭͷཻࢠͷଘ֬ࡏ͕ಈํఔࣜΛຬ

͍ͨͯ͠ΔͷͰ͋Δɻ

ʢࡶஊʣ ͜Ε·ͰͷྲྀΕͰɺޫࢠిࢠɺཻੑࢠͱಈੑΛͭ࣋ಉ͡ੑ࣭ΛཻͭࢠͷΑ

ɻԿ͕ɺ͜ͷҧ͍͍ͨͯ͑ߟʹͷΑ͏ࢠཻࢠΔɻ͔͠͠ɺզʑɺৗͰޫɺి͑ࢥʹ͏
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30

TN’s note of 
Quantum Mechanics 



• Another calculation with Special relativity
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ཧֶ࣮̍ݧʢ2019ʣ

தՈ ߶

ฏ 31  4 ݄ 17 

0.1 ίϯϓτϯࢄཚΛ૬ରͰ͢ࢉܭΔ

ͷΑ͏ʹఆٛ͢Δɻ࣍ӡಈྔΛݩ̐

pµ = (p0, p1, p2, p3) = (p0, !p) = (
E

c
, !p)

ࢠཻ aͱཻࢠ bʹ͓͍ͯͦͷੵ

pa · pb =
3∑

µ=0

paµp
µ
b = p0ap

0
b − !pa · !pb

ͱͳΔɻಉҰཻࢠʹ͓͚Δੵʢͦͷӡಈྔͷେ͖͞ʣ

p · p =
3∑

µ=0

pµp
µ = p0p0 − !p · !p =

E2

c2
− |!p|2 = m2c2

ͱͳΔɻ

͜ͷؔࣜΛͯͬɺίϯϓτϯࢄཚΛ͢ࢉܭΔɻೖࣹޫࢠɺඪతిࢠɺࢄཚޫࢠɺࢄཚిࢠͷ
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′

c , !p′)ɺ(Ee
c , !pe)ͱ͢Δͱɺ̐ݩӡಈྔͷอଘଇΑΓ

(
E

c
, !p) + (mc, 0) = (

E′

c
, !p′) + (

Ee

c
, !pe)

(
E

c
, !p)− (

E′

c
, !p′) + (mc, 0) = (

Ee

c
, !pe)

ͷ࣭ྔθϩʢpࢠޫ · p = 0ɺ|!p| = E
cʣΛྀ྆ͯ͠ߟลΛ 2͢Δͱɺ

2mc(
E

c
− E′

c
)− 2

E

c

E′

c
+ 2|!p||!p′| cos θ +m2c2 = m2c2

E′(
E

c2
+m− E

c2
cos θ) = mE

E′ =
E

1 + E
mc2 (1− cos θ)

E = hν(E′ = hν′)ͱ͢Δͱɺ

hν′ =
hν

1 + hν
mc2 (1− cos θ)

1
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56 2. Passage of Radiation Through Matter 

The cross section for Compton scattering was one of the first to be calculated using 
quantum electrodynamics and is known as the Klein-Nishina formula: 

da 1 (1 2 () y2(1 - cos ()2 ) 

dQ = 2 [1 + y(l - cos ()]2 + cos + 1 + y(l - cos () , 
(2.107) 

where re is the classical electron radius. Integration of this formula over dQ, then, gives 
the total probability per electron for a Compton scattering to occur. 

ae = {1 +/ [2(1 + y) 
y _ 1+2y 

1 ] 1 1+3 Y } -In(l +2y) +-In(1 +2y)- 2' 
Y 2y (1 +2y) 

Figure 2.23 plots this total cross section as a function of energy. 
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Fig. 2.23. Total Compton scattering cross sections 
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Two useful quantities which can be calculated from the Klein-Nishina formula are 
the Compton scattered and Compton absorption cross sections. The Compton scatter-
ed cross section, as. is defined as the average fraction of the total energy contained in 
the scattered photon, while the absorption cross section, aa, is the average energy 
transferred to the recoil electron. Since the electron is stopped by the material, this is 
the average energy-fraction absorbed by the material in Compton scattering. Obvious-
ly, the sum must be equal to ae 

(2.109) 

To calculate as. we form 

da s h Vi da 
--=----, 
dQ hv dQ 

(2.110) 

which after integration yields 

s 2[ 1 1 (1 2) 2(1+y)(2y2-2y-l) 8 y2 ] a = nre - n + y + +. 
y3 y2(l+2y)2 3(l+2y)3 

(2.111) 
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The absorption cross section can then be simply calculated by 

(2.112) 

Another formula which we will make use of very often when discussing detectors is 
the energy distribution of the Compton recoil electrons. By substituting into the Klein-
Nishina formula, one obtains 

do 
dT 

(2.113) 

where s = T Ih v. Figure 2.24 shows this distribution for several incident photon 
energies. The maximum recoil energy allowed by kinematics is given by 

1 +2y 
(2.114) 

[see (2.106)] and is known as the Compton edge. 

Thomson and Rayleigh Scattering. Related to Compton scattering are the classical pro-
cesses of Thomson and Rayleigh scattering. Thomson scattering is the scattering of 
photons by free electrons in the classical limit. At low energies with respect to the elec-
tron mass, the Klein-Nishina formula, in fact, reduces to the Thomson cross-section, 

8n 2 a=--re 
3 

(2.115) 

Rayleigh scattering, on the other hand, is the scattering of photons by atoms as a 
whole. In this process, all the electrons in the atom participate in a coherent manner. 
For this reason it is also called coherent scattering. 

In both processes, the scattering is characterized by the fact that no energy is trans-
ferred to the medium. The atoms are neither excited nor ionized and only the direction 
of the photon is changed. At the relatively high energies of x-rays and y-rays, Thomson 
and Rayleigh scattering are very small and for most purposes can be neglected. 

2.7.3 Pair Production 

The process of pair production involves the transformation of a photon into an elec-
tron-positron pair. In order to conserve momentum, this can only occur in the presence 
of a third body, usually a nucleus. Moreover, to create the pair, the photon must have 
at least an energy of 1.022 MeV. 

Theoretically, pair production is related to bremsstrahlung by a simple substitution 
rule, so that once the calculations for one process are made, results for the other imme-
diately follow. As for bremsstrahlung, the screening by the atomic electrons surround-
ing the nucleus plays an important role in pair production. The cross sections are thus 
dependent on the parameter [see (2.67)], which is now defined by 

100mec2hv 
E+E_Z1l3 

(2.116) 

with E + : total energy of outgoing positron; E _ : total energy of outgoing electron. 

hv = 0.5 MeV 

hv = 1.0 MeV 

hv = 1.5 MeV 

o 0.5 1 1.5 
Energy [MeV] 

Fig. 2.24. Energy distribution of 
Compton recoil electrons. The 
sharp drop at the maximum recoil 
energy is known as the Compton 
edge 



(3) Pair Production
•If the photon energy is higher than 2me, a pair production of e+e- becomes 
possible. In experiments of high energy (~1GeV or higher), it is the dominant 
process. 
•In the pair production 

•γ＋γ* →e+ + e- 
•γ*：Electric field of nucleus (virtual photon)。To satisfy the energy 
and momentum conservation, γ* is necessary. 
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• k: energy of incident photon, :E_: energy of electron, E+: energy of positron 
• The formula is derived in QED.



•The cross section of pair-production is related with the 
radiation length X0. 

•（N0：Avogadro number、A：Atomic weight） 
•The interaction length Xpair is formulated as 

•　Xpair =           １ 

•and, Xpair =9/7X0
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(4) Electro-magnetic shower
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•When a high energy photon (~GeV or higher) is incident, 
sequential precesses of pair-production and 
bremsstrahlung of electrons and positrons happen, that 
results in electromagnetic shower.   
•

Electromagnetic shower



(4) Electro-magnetic shower development

!51

•In electromagnetic shower, many particles (photons, electrons, and positrons) 
are produced when their energy is high enough. Once the energy becomes 
lower, the production of particles is decreasing. There is the depth (called the 
shower maximum) where the number of particles becomes maximum.

Fraction of energy deposit as a 
function of the shower depth x/X0 

Shower maximum Xmax 

where t0 = 1.1 for an electron and =0.3 
for a photon 

（Ref.）Mollere radius 
• express the transverse distribution of the 

shower 
• Define the Mollere radius where the 90% 

energy deposit is contained.



Attenuation of γ ray
•Range of γ ray is very different from that of a 
charged particle.
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γ ray

α ray
Why?

detector
source

source

dete-
ctor



Attenuation of γ ray
•Energy loss of γ ray is a discrete process. 

•Energy loss of a charged particle is a continuous process. 
•Attenuation length λ (coefficient μ) of γ ray is divined as follows.
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（Info）In the measurement of the attenuation 
length, we must consider the effect of scattered 
photon. 

detector
source direct γ

scattered γ


