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Will deal mostly with v masses. Why?

The neutrinos are spin-1/2 electrically neutral leptons.

Besides gravity, the only known force they experience is the weak force: v's form SU(2) doublets with
charged lepton partners. Unique among SM fields = experimental challenge... & opportunity!

Their weak interaction seems successfully described by the SM; cosmology also indicates that they
gravitate as expected.



Will deal mostly with v masses. Why?

*  The neutrinos are spin-1/2 electrically neutral leptons.

» Besides gravity, the only known force they experience is the weak force: v's form SU(2) doublets with
charged lepton partners. Unique among SM fields = experimental challenge... & opportunity!

* Their weak interaction seems successfully described by the SM; cosmology also indicates that they
gravitate as expected.

However
In the SM v’s are massless, while many experiments over the past decades

have proven that v’s do have mass... and a very tiny one!
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Strictly speaking, only well-established Lab deviation from the SM. But is is a ‘trivial’ one?



Origin of mass = a main driver of modern particle physics
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Most theorists strongly suspect that the nature 107%F b E
and the origin of the v masses is different : ] :
107, E
Two qualitative options: E - ]
10—4;_ l. | | l é

* Keep the known field content, but drop the requirement of ;0_1 e 1 ‘10 ‘ 1‘02

renormalisability of the SM — where does it lead us to? |
Particle mass [GeV]

Add wr (although we’ve never ‘seen’ these new dof’s), or more

stuff = where does it lead us to?

Either option has deeper implications that one might naively think...
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Dirac mass term

b =T —m(VrYr +YrR) (ZEZ) ) EJ <2i3>€” _

by = Ppp = 2 ¢
Yr = Pry = 12%19

v particle associated to g, af

Charge conjugation C  antj-v particle associated to dg, ac’
swaps a with ac

C-operator flips the chirality of the
field (does not change spin of
particle excitations!)

(IDL)C — (w")R

It helps to keep the field and
single-particle notions distinct...
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Dirac mass term
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w1 ann. ferm. with hel. - & creates antifer. with hel. +

w1 ann. antifer. with hel. + & creates ferm. with hel. -

It helps to keep the field and
single-particle notions distinct...
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Dirac mass term
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particle excitations!)

(IDL)C — (w")R

w1 ann. antifer. with hel. + & creates ferm. with hel. -

For v’s we don’t know if these states wr ann. fer. with hel. + & creates antifer. with hel. -
It helps to keep the field and exist. If L is conserved, they must exist , , .
single-particle notions distinct. .. by CPT theorem, like for other fermions wrT ann. antifer. with hel. - & creates fer. with hel. +
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Dirac mass term
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Can symbolically think of it as V V Y, v

We've seen these excitations, what w1 ann. ferm. with hel. - & creates antifer. with hel. +

we call v and anti-v wT ann. antifer. with hel. + & creates ferm. with hel. -

For v’s we don’t know if these states wr ann. fer. with hel. + & creates antifer. with hel. -

exist. If L is conserved, they must exist : : :
by CPT theorem, like for other fermions wrT ann. antifer. with hel. - & creates fer. with hel. +



Majorana mass term

Can | use the same field to deal with what we observe! 1 1.C N C
Yes if a=a, i.e. L is not conserved (i.e. there is no 9 m(wL wL T wL wL)

intrinsic distinction between leptons and anti leptons)

47 Vi

factor |/2 since
the same dof

The Majorana (2 comp) LH field writes .
enter twice...

von@) = 3 [ G, @ alp.s) + (e s) el ()

s==41/2 2

And the RH field (same operators, not ind.!) is .
Majorana mass term present

wr M(x) — / (27_‘_)3/2 u'l“ (p7 S) € b a(p7 8) U’I“ (p7 S) € b a (p7 S) @
s==41/2

neutrinos are their own antiparticles

Can be combined in a 4-component Majorana field

() = (zi]\; Eg) satisfying w M — chw cannot exist for any fermion but v’s

due to charge conservation



Majorana mass term

1 _ _
Cannot really talk of v /anti-v, just SU(2) interacting particles _ ( C ¢ )
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Majorana mass term

Cannot really talk of v /anti-v, just SU(2) interacting particles _1 m(IEElDL + &sz)
with opposite helicities. In that sense, the term 2

Majorana Majorana
INass meass
can be symbolically represented as l 1

> X )_ Ol' _—) X —

V V V V

Catania 1906 - Mediterranean seal 938! Maioran:
ajorana

(after 1959, Venezuela?) . mass
i.e. globally as l
— X ——
V+V V+V

“There are several categories of scientists in the world; those of second or third rank do their best but
never get very far. Then there is the first rank, those who make important discoveries, fundamental to
scientific progress. But then there are the geniuses, like Galilei and Newton. Majorana was one of these.”

Ettore Majorana
Enrico Fermi



Dirac vs Majorana mass term

—m(YrYL + YLR) —% m (YL + YLy

As written, neither allowed in the SM, for any fermion!
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Violates SU(2) invariance Violates both SU(2) and U(1) invariance



Dirac vs Majorana mass term

—m(Vrtr +YrR)

—% m(Yir + Prv)

As written, neither allowed in the SM, for any fermion!

Violates SU(2) invariance

Need to make m emerge from the Higgs SU(2)
doublet coupling via Yukawa'’s after EVWSB

_ The field vk does not exist
eg. QrYyurH
in SM, can’t be done for v’s

Violates both SU(2) and U(]) invariance



Dirac vs Majorana mass term

—m(VrYL + YR) —% m(Y§ L + Pr§)

—

.

Weak isospin |,

triplet-like!
As written, neither allowed in the SM, for any fermion!
Violates SU(2) invariance Violates both SU(2) and U(1) invariance
Need to make m emerge from the Higgs SU(2) Same ‘promotion’ of m does not work here for v at
doublet coupling via Yukawa's after EVVSB renormalisable level (dim=4) hence you did not hear about it!

The field vr does not exist

eg. QrY,urH The (renormalisable!) SM ‘accidentally’ conserves L
in SM, can’t be done for v’s

Result: In the SM v are massless






Option |: Drop renormalisability, add Weinberg’s operator

1
The trick does work at dim=5 (SU(2) triplet out of 2 Higgs doublets) L5 = A (HL)(HL)

One can write a unique, dimension-5 operator that breaks L |
S.Weinberg, Phys. Rev. Lett. 43, 1566 (1979)

After EWSB, this yields a Majorana mass ™M1V ~ —1/
term for neutrinos A

Note the quadratic dependence of m on Higgs vev, contrary to other SM particles!



Option |: Drop renormalisability, add Weinberg’s operator

1
The trick does work at dim=5 (SU(2) triplet out of 2 Higgs doublets Ls=—(HL)(HL
P 88 A

One can write a unique, dimension-5 operator that breaks L |
S.Weinberg, Phys. Rev. Lett. 43, 1566 (1979)

2

U
After EWSB, this yields a Majorana mass 1), VQ ~N —— VQ

term for neutrinos A

Note the quadratic dependence of m on Higgs vev, contrary to other SM particles!

Sensible to think that the tiny v masses detected via oscillations are due to

the fact that a high scale A is responsible for physics BSM breaking L

Can estimate A so that m~0.01-0.1 eV (scale bracketed by oscillations & direct searches)
It is well below the Planck scale~10!* GeV: New physics scale required!
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Option |1: Adding vk (=N)
Gauge singlets! Now we can form Yukawa mass term for v, but nothing prevents Majorana mass for N

T N .
2‘]\77’ NZ.C N ; + h.c. Renormalizable

extension of SM

LS YNz'j NZLJH

Yukawa mass term now possible



Option |1: Adding vr (=N)
Gauge singlets! Now we can form Yukawa mass term for v, but nothing prevents Majorana mass for N

TN N .
2]\77’ NZ.C N, + h.c. Renormalizable

extension of SM

LS YNz'j NZL]H

Yukawa mass term now possible

[ H
H . H -
Following ik N . i At E<< mn e |
diagram ‘ Ls=—(HL)(HL)
possible _> A

Back to effective Majorana mass term for v’s (Seesaw, type |)
Tiny Yukawa’s is a possible alternative,

1 2
YNU but in general mny#0 unless explicitly
TN enlarging symmetry group of the SM (why?)

m, =Yy
10



So, why focusing on v masses?

They do achieve what people have been trying to do since the 70’s, to ‘break’ the SM!

New fields/energy scale/‘meaningful’ symmetry (or breaking thereof) out there,
below Planck scale!

Yet, unlikely that we will understand deeper structure only with low-E experiments.
But our duty to collect as much info as we can...

Now time to review how this achievement was attained



1. Historical notes
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Partial and incomplete, just to give you
a sense of the main events and dates!
Apologies to dozens of collaborations

and thousands of colleagues!

A (brief) v history, |

1915-...: Chadwick (NP 1935) observes a continuum spectrum in
pP-decays, instead of a quasi-monhocromatic one: Apparent energy

(and ang. momentum) violation. Only statistically true? (Bohr)
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Partial and incomplete, just to give you A (b rief ) VvV h isto ry’ I

a sense of the main events and dates!
Apologies to dozens of collaborations
and thousands of colleagues!

® |915-...: Chadwick (NP 1935) observes a continuum spectrum in
pP-decays, instead of a quasi-monhocromatic one: Apparent energy

(and ang. momentum) violation. Only statistically true? (Bohr)

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16

electron kinetic energy (MeV)

® |930: Pauli (NP 1945) proposed the “neutrino” as a solution:
Dear radioactive ladies and gentlemen, [...] | have hit upon a desperate
remedy to save the [...]energy theorem. Namely the possibility that there
could exist in the nuclei electrically neutral particles that | wish to call
neutrons, which have spin 1/2 [...] The mass of the neutron must be [...]
not larger than 0.01 proton mass. [...] in B decay a neutron is emitted
together with the electron, in such a way that the sum of the energies of
neutron and electron is constant.
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a sense of the main events and dates!
Apologies to dozens of collaborations
and thousands of colleagues!

® |915-...: Chadwick (NP 1935) observes a continuum spectrum in
pP-decays, instead of a quasi-monhocromatic one: Apparent energy

(and ang. momentum) violation. Only statistically true? (Bohr)
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remedy to save the [...]energy theorem. Namely the possibility that there
could exist in the nuclei electrically neutral particles that | wish to call
neutrons, which have spin 1/2 [...] The mass of the neutron must be [...]
not larger than 0.01 proton mass. [...] in B decay a neutron is emitted
together with the electron, in such a way that the sum of the energies of
neutron and electron is constant.

“[...] Unfortunately, | cannot appear in Tubingen personally since | am indispensable here in
Zurich because of a ball on the night of 6/7 December.”
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a sense of the main events and dates!
Apologies to dozens of collaborations
and thousands of colleagues!

® |915-...: Chadwick (NP 1935) observes a continuum spectrum in
pP-decays, instead of a quasi-monhocromatic one: Apparent energy

(and ang. momentum) violation. Only statistically true? (Bohr)
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could exist in the nuclei electrically neutral particles that | wish to call
neutrons, which have spin 1/2 [...] The mass of the neutron must be [...]
not larger than 0.01 proton mass. [...] in B decay a neutron is emitted
together with the electron, in such a way that the sum of the energies of
neutron and electron is constant.

“[...] Unfortunately, | cannot appear in Tubingen personally since | am indispensable here in
Zurich because of a ball on the night of 6/7 December.”

“l have done a terrible thing today, something which no theoretical physicist should ever do.
| have suggested something that can never be verified experimentally.” (Pauli to Baade)
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Partial and incomplete, just to give you A (b rief ) VvV h isto ry’ I

a sense of the main events and dates!
Apologies to dozens of collaborations
and thousands of colleagues!
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® |915-...: Chadwick (NP 1935) observes a continuum spectrum in
pP-decays, instead of a quasi-monhocromatic one: Apparent energy

(and ang. momentum) violation. Only statistically true? (Bohr)
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® |930: Pauli (NP 1945) proposed the “neutrino” as a solution:
Dear radioactive ladies and gentlemen, [...] | have hit upon a desperate
remedy to save the [...]energy theorem. Namely the possibility that there
could exist in the nuclei electrically neutral particles that | wish to call
neutrons, which have spin 1/2 [...] The mass of the neutron must be [...]
not larger than 0.01 proton mass. [...] in B decay a neutron is emitted
together with the electron, in such a way that the sum of the energies of
neutron and electron is constant.

Gp __
. . . . L ermi — T T = Pl " h.c.
® |932-34: Fermi (NP 1938) names it “neutrino” (little neutral one) to ) Ja P ey e
Gr = 1.166-107° GeV 2 Fermi constant (

distinguish it from the neutron recently discovered by J. Chadwick
(NP 1935), and later proposes the ‘Fermi’ theory of beta decay.
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A (brief) v history, Il

® |956:Reines (NP 1995) & Cowan discover the (anti) v via inverse [-
decay using the Savannah river reactor as a source
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A (brief) v history, Il

® |956:Reines (NP 1995) & Cowan discover the (anti) v via inverse [-
decay using the Savannah river reactor as a source

® |956-57:Lee & Yang (NP 1957) propose and Madame Wu (no NP?!?) proves that P is violated in weak
interactions. Sudarshan, Marshak, Gell-Mann & Feynman propose the V-A current structure.

I;’- sung-Dao Lee (ZIBE) advisor: Fermi  Chen-Ning Yang (3 T°); advisors: Teller, Fermi Mme (Chieng-Shiung) Wu (‘R1E%E)
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e |957: First idea of v (anti-v) oscillation, by B. Pontecorvo

® Early '60: Leptonic mixing introduced

Maki (40 _E[) Nakagawa (

A (brief) v history, llI
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S. Sakata
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A (brief) v history, llI

e |957: First idea of v (anti-v) oscillation, by B. Pontecorvo

® Early '60: Leptonic mixing introduced
Maki (40 —EF) Nakagawa (/|| &£ ) Sakata ((RH &)

e [962:v, discovered by L. Lederman, M. Schwartz and ]. Steinberger
(NP 1988...awarded before the NP for the (anti)-ve!)

® |967-69: First pheno elaboration of flavour oscillations and thoughts of
connection to the solar problem
Pontecorvo, Gribov (BAaaummnp Haymosuu ['pnbos)

S. Sakata
19111970

Z. Maki
1929 5

929. 200

ey - _re Mt an

M. Nakagawa
1932.9901



A (brief) v history, IV

"’ jpl r | ‘:_(:.) e noaod * FMMEEDREN "Y!(amb:bgl_bik-
o 1964-1968: Deficit in solar v flux measured by & = i Bahcall
# 10 ‘ g
R. Davis (NP 2002) at Homestake if compared S :
! BN ! 3
with the predicted solar v fluxes (Bahcall etal) = ;_-':'.u]s?,“ | 1k :
z , e L
il SN
-v: r-cag _,.o-g' | B \ !
E 10} ,&’ E pep \ !
“ | L 1
= . o B 1
3 ad X .4!"“\ -.}
2 01 02 0.5 | 2 5 T

Neutrino energy (MeV)
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A (brief) v history, IV

» 1012 ) e B ne i * ¥ N 7 _."'!\..n'ab‘-'-_tuuh-
g o St !
® 1964-1968: Deficit in solar v flux measuredby = ¥ s
, 10 0 !
R. Davis (NP 2002) at Homestake if compared 3 ; ]
. : z BT :
with the predicted solar v fluxes (Bahcall etal.)) = v~ Foto 1
2 | .
. . -? 10" | l" —— ‘
® Anomaly received further confirmation E | N
(SAGE, GALLEX, KamiokaNDE...) Y S | 3
eventually interpretation:due to mixing, = P = &
i . 102 i .
sealed by SNO : s r 1L .
: X 0.2 0.5 | 2 5 10 20
' :. Neutrino energy INeVY)
:v: 8 SNO e g, '
: T Pec 3 , 3
: cE) X " :LL ¢ v(pep)
. e 61 = . X S
. = g é. — 4
: < 4p N 2 ool Y‘y\
: : 8 A L
-: S 3:_ P T WP n. .". S
.McDonald - P R ey
v NP 2015 E
No p-decay, but o(;r — 2.} B — 4 2. 6 20|20. even the C;I'\IO
solar v & SNI987A 6 02 ] SOl v measured
SNO, PRL 89 2002  ® (10 cm™s™)
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...In parallel, starting point of “modern v physics”

® |988: First convincing evidence for atmospheric neutrino anomaly [Kamiokande], confirmed e.g. by MACRO

® |998: Strong evidence by SuperKamiokande, confirmed by Soudan2 & MACRO

600 — v . v T r T , v v
- sub-GeV e-like - sub-GeV p-like
L, . 11 =
: ¢ ——— | . P ——
200 | 1t -
O 1 1 1 1 1 1 1 1 1 1

200

" multi-GeV e-like

————

L,

-08 -04 0 04 08
cosO

-08 -04 0 04 08
cosO

|Ama,| (107 eV?)

NONONN
NN e O

g
=

.

w—— [C2017 [NO] « SKIV 2015 [NO]
«  MINOS w/atm [NO] -+« NOwvA 2017 [NO]
- T2K 2017 [NO]

— IC 2015 [NO]

IceCube Preliminary

90% CL contours

b=

0.3 0.4

0.5 0.6 0.70 1 2

sin® (053)

Ay°

® Over the past decade, also HE telescopes (mostly astro!) joined these studies (Antares, 1206.0645, IceCube...)



... till long baseline & modern reactor v projects

® K2K (1999-2004),T2K (2010-2021), MINOS (2005-2016), OPERA (2008-2012), NOVA (>2014) : Long baseline
confirmation and refinement of the picture

® “Solar” parameters further explored by KamLAND (>2002) via ‘long distance’ studies of reactor fluxes.

Atmospheri
NeULInos
v_)
Proton J LO1 | IVETEeS
X —%
T A | L
‘ A 4 Far Detector
Target Magnetic Horns
Near Detector
For some historical review, e.g. Diwan et al. 1608.06237

® Greatly improved reactor experiments (...CHOOZ, Palo Verde...) eventually lead to the generation capable of

measuring third mixing angle (From 2012: Daya Bay, Double Chooz, RENO...)
|7
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lll. Neutrino oscillations (in vacuum)

The discovery that v's have masses comes from the observation that v's oscillate
(due to lepton mixing), a concept which we now introduce

Oscillations experiments are also the primary tool to measure the parameters
governing this new mass sector, hence we’ll focus on some of their key aspects
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(Cartoon) meaning of flavour

v flavour defined via the charged current weak interaction vertex involved in its production/detection

The weak interaction couples the v of a given flavour only to the charged lepton 7 of the same flavour.

Note

The ‘flavour’ of charged leptons (typically studied/measured via their e.m. interactions) is ‘defined’ by their
mass, which determines their properties, like their decays.

Cartoon translates into equations in the SM, of course!
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From SM Weak interaction to Effective Fermi Theory

9 (1wt TARY Vaun g p
v (S W+ J5w,) + —I—J32,

1

84

Jhy =) ay"Prd+ vy" PLe, Jy = Zf: ' (I Pe —sin®9wQy) £, > 3w (1 = 5)ve

gen.



From SM Weak interaction to Effective Fermi Theory

(S Wi +a5wer) + —2—Js2,

cos Uw

g
V2

EZﬂ'y“PLd—l- vy" P, EZfV (IfPL — sin 19wa) ZVM (1 —5)v

gen.,

For phenomenology at E« Mw,Mz, useful to ‘integrate out’ the gauge bosons

(set their kinetic term to zero, neglect all terms that involve more than two heavy particle like triple and
quartic gauge couplings, gauge-Higgs interactions, as well as currents with the top quark)

oL g u 2 — oL g 2
= I gt 4 MEWH = = L4 M2Z = 0.
\\(
2 - P ol —— "
Leff _ —2\/§G JH JT JHT \/ig 5 2 D NG U Hea
weak — F( WYWpun + Z Zu): GF 8M2 ~ ]_ 166 X ]_O GGV .

20



Lepton nhumber conservation

The SM Lagrangian is invariant under a global U(|) transformation for each generation (each «)
bo — €Z¢€a v, — e,

The associated conserved quantum number (via Noether’s theorem) is the

generation Lepton number L, whose sum is the (global) lepton number L

Number operators, counting # leptons - antileptons L = Z L, = Z / dz? [Vl (m)ua (a’)) + 52; ({B)fa ((E)]
gen gen I I
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Lepton nhumber conservation

The SM Lagrangian is invariant under a global U(|) transformation for each generation (each «)
bo — €Z¢€a v, — e,

The associated conserved quantum number (via Noether’s theorem) is the

generation Lepton number L, whose sum is the (global) lepton number L

Number operators, counting # leptons - antileptons L = Z L, = Z / dz? [V(]; (m)ua (a’)) + @; ({B)fa ((E)]
gen gen I I

E.g. we see . we do not see
This formalism translates the H
experimental evidences (over grrrrs pfinnes :

several decades!) that the v Vﬂ; N\ Vel N

flavour at detection is the same

as it was at production P : : P . :
9] I i ...do we?
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Violation of L,’s conservation in v experiments!

...until evidence collected that, if you make v’s propagate long enough, this may not be true! E.g. can have:

Sufficiently long journey
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Violation of L,’s conservation in v experiments!

...until evidence collected that, if you make v’s propagate long enough, this may not be true! E.g. can have:

Sufficiently long journey

Will see that this requires leptonic mixing and that (some) v mass #0

Something non-trivial in flavour space must happen in the propagation of the (free) v's.

We know how to describe the propagation of mass eigenstates m; (eigenstates of the
Hamiltonian) which we denote v;
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Free v propagation & Leptonic mixing

Free vi obey Dirac eq.

(1) —m)p(z) =0

Solved in terms of plane waves

(z) = u(p)e " P?

ct=x

with dispersion relation

m2

2p
ultra-relativistic limit

EQ:pQ—I—m2:>E2pI
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Free v propagation & Leptonic mixing

Free vi obey Dirac eq. Solved in terms of plane waves with dispersion relation

. 2

. — — — —tpL E2 — p? 2 = b ~ | m

(Z& m)w(fl‘) 0 (z) = u(p)e p-+m P9
ct=x ultra-relativistic limit

. . . 0
Note: vacuum evolution equivalent to v states evolving as Zﬁw = iy ~ (p |

m2
2p>w
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Free v propagation & Leptonic mixing

Free vi obey Dirac eq. Solved in terms of plane waves with dispersion relation

. 2

. — — — —tpL E2 — p? 2 = b ~ | m

(Z& m)w(f) 0 (z) = u(p)e p-+m P9
ct=x ultra-relativistic limit

Mixing means that v,’s of definite flavour must be superpositions of the mass eigenstates v;;

Complete bases in flavour and mass space are related by a unitary matrix U (PMNS for N=3)
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Free v propagation & Leptonic mixing

Free vi obey Dirac eq. Solved in terms of plane waves with dispersion relation

. 2

. — — — —itpL E2 — p? 2 = b ~ | m

(Z@ m)w(fﬁ) 0 (z) = u(p)e p-+m P9
ct=x ultra-relativistic limit

Mixing means that v,’s of definite flavour must be superpositions of the mass eigenstates v;;

Complete bases in flavour and mass space are related by a unitary matrix U (PMNS for N=3)

In terms In terms of )
Yo = Z Uaithi . Va) = Z Uailvi) Since  [v) =47|0)
Of Vv ﬁelds i=1,2,3 S|ng|e'V state 1=1,2,3
Anti-v are instead _ o _ , .
‘V> — ¢‘0> Hence Vo) = Y Uaili) For anti-v,U = U
created as i—1.2.3

v, s of definite flavour (i.e. associated to a given charged lepton mass) are not mass eigenstates.
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The mixing matrix and its meaning

. . o ., .
We can thus rewrite the CC weak interaction in the Y ( 0, U W + 77 U €LaW)L+)
massive v basis as (now these indicates v fields!) fé‘
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. . o ., .
We can thus reYvrlte the CC we?k |.nteract|on in the Y ( 0 U W + 7 U, fLan)
massive v basis as (now these indicates v fields!) fﬁ'

Theorist’s rant

Technically, once taking into account the fact that one may also rotate the
charged lepton basis, the U entering the W v ¢ coupling is given by

U=U, U]

Hence, properly one should talk of leptonic (rather than v) mixing



The mixing matrix and its meaning

. . o ., .
We can thus reYvrlte the CC we?k |.nteract|on in the Y ( 0 U W + 7 U, fLan)
massive v basis as (now these indicates v fields!) fﬁ'

Theorist’s rant

Technically, once taking into account the fact that one may also rotate the
charged lepton basis, the U entering the W v ¢ coupling is given by

U=U, U]

Hence, properly one should talk of leptonic (rather than v) mixing

Meaning of U

[] [] [] e-row: linear combination of mass states that couple to the electron.
el e2 e3

Ui e U Second column: linear combination of charged leptons that couples to v
L I [

U1 U,o U-s ... and so on, you get the idea!

25
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Reminder: Quark mixing matrix

v+ h\ _
Flavour basis defined by the weak interactions. ( NG > Uz Yo uR After EWSB,
Mass basis defined by the Yukawa term v+ h\ - bold = matrices in flavour space
("7 ) d¥adn
Mass matrices i/I/I v U; j_; can be diagonalized by biunitary transformations
d= YqU
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Reminder: Quark mixing matrix

v+ h\ _

Flavour basis defined by the weak interactions. ( NG > Uz Yo uR After EWSB,
Mass basis defined by the Yukawa term v+ h\ - bold = matrices in flavour space
d;Yqdr
V2
Mass matrices Moy U; j_; can be diagonalized by biunitary transformations
d= Yqu

Denote with primes the fields in terms of uy, = Vi'ur Mdiag — VfTMuVﬁ
which the mass is diagonal up = Viug

Now, how does the weak current rewrite!?
Convention here:

Jo =) wy*Pud+oy"Prt,  J > 3 @ (Vi) v Pud, Uckm = V[fLTVLCZ

gen.

The product of unitary matrix affecting up and down left quark fields now enters (CKM matrix)
Note: Rotations of the right-handed fields have no physical consequence in the SM!
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Towards v oscillations (in vacuum)

Let’s make sense of our previous scheme:

Production:
Flavour state, i.e.
coherent combination of mass
states
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Production:
Flavour state, i.e.
coherent combination of mass
states

Towards v oscillations (in vacuum)

Let’s make sense of our previous scheme:

Sufficiently long journey

Propagation:

Each mass state propagates
independently, relative phases build-up

Vi (t)) = e )
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Production:
Flavour state, i.e.
coherent combination of mass
states

Towards v oscillations (in vacuum)

Let’s make sense of our previous scheme:

Sufficiently long journey

Propagation: Detection:
Each mass state propagates Measure flavour, which ones
independently, relative phases build-up depends on the combination of

mass states here

‘Vk(t» — 6_iEkt|Vk> Project <V@|
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Production:
Flavour state, i.e.
coherent combination of mass
states

Towards v oscillations (in vacuum)

Let’s make sense of our previous scheme:

Sufficiently long journey

Propagation: Detection:
Each mass state propagates Measure flavour, which ones
independently, relative phases build-up depends on the combination of

mass states here

‘Vk(t» — €_iEkt|Vk> Project <V@|
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v oscillation (in vacuum): The basic math

The transition probability is the p £ — y A . — Jaﬁ —i(Ey—E;)t
modulus square of the amplitude: asp(t) = [(Vslva(t)® = AZpAap = Z

e.g. E.E. Jenkins and A.V. Manohar,

° ° ° . ° a —_—
where we introduced the quartic rephasing invariant ~ J} | B =U; UsgrUqy;Uj .
g kY B 1% B 7
Nucl. Phys. B792 (2008) 187,0706.4313.

encoding the information of the mixing matrix independent of phase redefinitions of the lepton fields
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The transition probability is the p £ — y A . — Jaﬁ —i(Ey—E;)t
modulus square of the amplitude: asp(t) = [(Vslva(t)® = AZpAap = Z

e.g. E.E. Jenkins and A.V. Manohar,

where we introduced the quartic rephasing invariant ~ J} | 5 = Us 1 UsrkUa jUg
Nucl. Phys. B792 (2008) 187,0706.43 1 3.

encoding the information of the mixing matrix independent of phase redefinitions of the lepton fields

Z + Z + Z the latter two terms are the sum of two complex

The double sum can be split in , ,
j=k >k  k>j conjugate expressions, hence

FPa— st Z‘Uaﬂ Us j|* + 2R ZJO‘ﬁ —i(Ex—Ej)t

_k>]
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v oscillation (in vacuum): The basic math

The transition probability is the p £ — y A . — JoB —i(Br—Ej)t
modulus square of the amplitude: a—p(t) = [(vplva(®)]” = ALpAap = Z kj

e.g. E.E. Jenkins and A.V. Manohar,

° ° ° . ° a —_—
where we introduced the quartic rephasing invariant ~ J} | B =U; UsgrUqy;Uj .
g kY B 1% B 7
Nucl. Phys. B792 (2008) 187,0706.4313.

encoding the information of the mixing matrix independent of phase redefinitions of the lepton fields

Z + Z + Z the latter two terms are the sum of two complex

The double sum can be split in , ,
j=k >k  k>j conjugate expressions, hence

- The standard derivation of the oscillation formula

2 B —i(E t relies on the approximations for ultra-relativistic v’s
Posp(t Z‘Uaﬂ Ug;|” + 2R ZJO‘ i(Ex—Ej)t | pp !
_k>] 1 E2:p2‘|_m2:>Eﬁp m
2p

And the expression is further simplified using the unitarity of U and the identities

R|(a+1a)(b+ i) =ab—af e = cosx +isinz cosz = 1 — 2sin”(z/2)
28
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v oscillation (in vacuum): General formula

where we introduced the squared mass differences Am;;2 = m 2 — m;2

and L=ct, the distance between source and detector, is often called baseline
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Some general properties

® v flavour change implies that (some) v mass #0 and they are non-degenerate
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and L=ct, the distance between source and detector, is often called baseline

Some general properties

® v flavour change implies that (some) v mass #0 and they are non-degenerate

e v flavour change implies mixing, otherwise™ J,?f =3\

® The dependence from L and E enters only via L/E (related to proper time!)

*Follows from Ug;Ug; =0  if mass basis diagonal in flavour space, for a¥ f
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Am%j L . Am%j L

4 F , ' 2 B
k>

where we introduced the squared mass differences Am;;2 = m 2 — m;2

and L=ct, the distance between source and detector, is often called baseline

Some general properties

® v flavour change implies that (some) v mass #0 and they are non-degenerate

e v flavour change implies mixing, otherwise™ J,?f =3\
® The dependence from L and E enters only via L/E (related to proper time!)

® CPT symmetry implies that P@ 3 — Pﬁa (note reversed order of the indices!)

*Follows from Ug;Ug; =0  if mass basis diagonal in flavour space, for a¥ f
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v oscillation (in vacuum): General formula

4 F , ' 2 B
k>

Am%jL . Am%L)

where we introduced the squared mass differences Am;;2 = m 2 — m;2

and L=ct, the distance between source and detector, is often called baseline

Some general properties

® v flavour change implies that (some) v mass #0 and they are non-degenerate

e v flavour change implies mixing, otherwise* J,ff = (

® The dependence from L and E enters only via L/E (related to proper time!)

® CPT symmetry implies that P@B — Pﬁa (note reversed order of the indices!)

® Valid for arbitrary number of generations/mass states, provided that the bases are complete (unitarity used!)

*Follows from Ug;Ug; =0  if mass basis diagonal in flavour space, for a¥ f
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v oscillations & CP violation




v oscillations & CP violation

® CP violation in v oscillation requires (physical) phases in the mixing matrix U, otherwise Im | =0
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v oscillations & CP violation

2 F

Am?2 . L
° sin? k)

. (Amijl}
- sin

k>j
CP-conjugate, remember for anti-v, U = U*

® CP violation in v oscillation requires (physical) phases in the mixing matrix U, otherwise Im | =0

® CP-violating part oscillates twice faster (double frequency) than CP-conserving part
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® CP violation in v oscillation requires (physical) phases in the mixing matrix U, otherwise Im | =0

® CP-violating part oscillates twice faster (double frequency) than CP-conserving part

® 5 Im ] equivalent (up to a sign) to the ‘Jarlskog invariant’ (in 3x3) used for the quantification of &P
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v oscillations & CP violation

Am?2. L
° sin? a

. Amzj L
- sin
2F

k>j
CP-conjugate, remember for anti-v, U = U*

® CP violation in v oscillation requires (physical) phases in the mixing matrix U, otherwise Im | =0

® CP-violating part oscillates twice faster (double frequency) than CP-conserving part

® 5 Im ] equivalent (up to a sign) to the ‘Jarlskog invariant’ (in 3x3) used for the quantification of &P

» . o . 2 2 . .
® Transition among flavours required to access CP violation, since Ji.;" = |Uak|"|Uq«j|” is obviously real
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v oscillations & CP violation

Am?2 . L
° sin? k)
( 4 E ) .
k>1

CP-con]ugate remember for anti-v, U — U>'<

® CP violation in v oscillation requires (physical) phases in the mixing matrix U, otherwise Im | =0

® CP-violating part oscillates twice faster (double frequency) than CP-conserving part

® 5 Im ] equivalent (up to a sign) to the ‘Jarlskog invariant’ (in 3x3) used for the quantification of &P

» . o . 2 2 . .
® Transition among flavours required to access CP violation, since Ji.;" = |Uak|"|Uq«j|” is obviously real

® Measuring CP-violation requires observing the spectral dependence. If oscillations are averaged out
(e.g. due to a poor energy resolution of the detector)

2 2
CP-conserving qin2 Amkj L _ 1 CP-violating <Sin (Amk?L) > —
faCtor 4 E 2 factor 2E

30
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Analogues of v oscillations

Aanalogous to other quantum systems where the initial state is a coherent superposition of eigenstates
of the Hamiltonian:

Spins: for example a state with spin up in the z-direction in a B-field aligned in the x-direction.This gives
raise to spin-precession, i.e. the state changes the spin orientation with a typical oscillatory behaviour.

K /anti-K: difference between the mass/strong interaction eigenstates (ruling production) and the weak
interactions eigenstates Ks, K., controlling the decay.

Photon polarization state can be written as a superposition of states with H andV linear polarisations, or
as a superposition of states with R and L circular polarizations. Think of v of a given flavour as being linearly

polarised, while propagating v as circularly polarized states (those have well defined propagation

characteristics such as velocity). Allows for analogical realization of the “flavour oscillation phenomenon™
with lasers, e.g. arXiv:1001.2749



Actually, | cheated!

Can derive the formulae e.g. assuming that v can be described by plane-waves, with definite momentum (which

implies spatially infinite sources!) or assuming that the interference of different E-states vanishes unless they have
the same E (implying sources constant in time, since ever and forever)

production and detection are always localised and not eternal.

e.g. production in decay: the relevant timescale is the pion lifetime AE > RS

Y

(or the time travelled in the decay pipe) 2T

32 For details see,Akhmedov, Smirnov, 1008.2077; or textbooks, like Giunti and Kim’s



Actually, | cheated!

Can derive the formulae e.g. assuming that v can be described by plane-waves, with definite momentum (which

implies spatially infinite sources!) or assuming that the interference of different E-states vanishes unless they have
the same E (implying sources constant in time, since ever and forever)

production and detection are always localised and not eternal.

e.g. production in decay: the relevant timescale is the pion lifetime AE > RS

(or the time travelled in the decay pipe) 27,

There is always an energy-momentum spread which can be correctly described by a wave-packet formalism

For oscillations to be measurable, we need to make sure that coherence is preserved, hence:
Am?
(p)

Am?L  equivalentto  AE
o — <<
2(p)  E-spread condition £ L

Error on p, E not small enough to measure the mass, o, >

ZOSC

packets at detection not spatially separated more than size o, >

As long as those hold (often if not always!) the previous formalism yields the correct results

32 For details see,Akhmedov, Smirnov, 1008.2077; or textbooks, like Giunti and Kim’s



V. Parameters of the mixing matrix
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How many physical free parameters for N families!?

Generic NxN complex matrix has 2 N2 real parameters

Unitarity implies:
- Each row vector of unit length: N constraints
- Each couple of rows are orthogonal: N(N-1) constraints

Hence a Unitary NxN complex matrix has NZ real parameters, but not all are physical!
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Generic NxN complex matrix has 2 N2 real parameters

Unitarity implies:
- Each row vector of unit length: N constraints
- Each couple of rows are orthogonal: N(N-1) constraints

Hence a Unitary NxN complex matrix has NZ real parameters, but not all are physical!
Rephasing a charged lepton field £ = e £ leaves the mass term invariant, but changes by a phase e

row of the matrix. Phases in N ‘up’ fields and N ‘down’ ... means that 2N-/ dofs™ in U are unphysical

Final counting N2-(2N-1)= N2-2N+[=(N-1)? (for N=2 — | dof;for N=3 — 4 dofs)

*Naively, you may think it’s 2N; but a common phase of all the up and down fields won’t affect at all the mixing matrix,
hence only 2N -1 dofs are unphysical.

d
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How many physical free parameters for N families!?

Generic NxN complex matrix has 2 N2 real parameters

Unitarity implies:
- Each row vector of unit length: N constraints
- Each couple of rows are orthogonal: N(N-1) constraints

Hence a Unitary NxN complex matrix has NZ real parameters, but not all are physical!

Rephasing a charged lepton field £ = e/® £ leaves the mass term invariant, but changes by a phase e®a

row of the matrix. Phases in N ‘up’ fields and N ‘down’ ... means that 2N-/ dofs™ in U are unphysical

Final counting N2-(2N-1)= N2-2N+[=(N-1)? (for N=2 — | dof;for N=3 — 4 dofs)

For Majorana v’s, instead of 2N-| independent rephasings, you can rephase only N (charged

leptons), since if the active v are Majorana particles, then no rephasing at all is allowed*.
N2-N=N(N-1) (for N=2 — 2 dof; for N=3 — 6 dofs)

*Naively, you may think it’s 2N; but a common phase of all the up and down fields won’t affect at all the mixing matrix,
hence only 2N -1 dofs are unphysical.

*Easiest way to see this: Transformation Vv = €9 v associated to Lepton number conservation, which is violated
since a conserved charge would require V¢ = e-%9 v€inconsistent with the Majorana condition V = V°
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Mixing angles and phases

CP-even and CP-odd parameters are called angles and phases, respectively.

Equivalently, angles are the parameters in U when it is real, which means it’s an orthogonal matrix: U U=,

a set of N(N+1)/2 conditions since (both sides are) symmetric.

The group O(N) has dimension N2-(N(N+1)/2)= N (N — 1)/2, hence this is the number of independent angles
(for N=2 — | angle; for N=3 — 3 angles)

Hence, we have

(N-1)2-N (N = 1)/2=(N — |)(N — 2)/2 phases for Dirac v’s (for N=2 — no phase;for N=3 — | phase)
N(N-1)-N (N = 1)/2=(N — |)N/2 phases for Majorana v’s (for N=2 — | phase;for N=3 — 3 phases)
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Mixing angles and phases

CP-even and CP-odd parameters are called angles and phases, respectively.
Equivalently, angles are the parameters in U when it is real, which means it’s an orthogonal matrix: U U=,

a set of N(N+1)/2 conditions since (both sides are) symmetric.
The group O(N) has dimension NZ2-(N(N+1)/2)= N (N — [)/2, hence this is the number of independent angles

(for N=2 — | angle; for N=3 — 3 angles)
Hence, we have

(N-1)2-N (N = 1)/2=(N — |)(N — 2)/2 phases for Dirac v’s (for N=2 — no phase;for N=3 — | phase)
N(N-1)-N (N = 1)/2=(N — |)N/2 phases for Majorana v’s (for N=2 — | phase;for N=3 — 3 phases)

Leptonic CP violation requires phases. So, it can certainly take place in 3
generations, as for quarks, but may happen in 2 generations if v’s are Majorana.

A different question is: Can it arise in 2 generations in oscillation experiments?



