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ABSTRACT

Recently, the MuonE experiment has been proposed as a new method to measure precisely
the running of fine-structure electromagnetic coupling in the space-like region via the
electron muon elastic scattering. This will help to resolve the 4.2 ¢ discrepancy between
the Standard Model prediction and the currently combined experimental measurement
for the muon anomalous magnetic moment. For the MuonE experiment, experimentalists
require calculating very precisely the cross-section of the electron muon elastic scattering
at next-to-next-to-leading order. Therefore, evaluating the cross-section at next-to-leading
order is a prerequisite to achieve this requirement. In this thesis, we calculate the hard-
photon corrections to the cross-section of the electron muon elastic scattering via the
bremsstrahlung process ey — epy and combine with the known virtual and soft-photon
corrections to obtain the full next-to-leading order results, utilizing the high-precision
Monte-Carlo programs VEGAS+ and BASES for numerical calculation.
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INTRODUCTION

The MUonE experiment has been proposed as a new method to estimate the running
effective electromagnetic coupling constant at space-like region via the process of muon-
electron elastic scattering by using a muon beam at 150 GeV scatter on atomic electron
at a low-Z target [1]. The differential cross-section of this process provides the direct
measurement of the leading-order hadronic contribution to the muon anomalous momenta,
ap“, which is a test of the Standard Model (SM) prediction of particle physics [2]. The
experiment plans have been currently prepared at Fermilab [3] (USA) and J-PARC [4]
(Japan), aiming to measure the muon anomaly at a precision of 0.14 ppm [3,5]. To achieve
such high precision, the experimentalists require the theoretical calculation the differential
cross-section of ey scattering at next-to-next-to-leading order (NNLO) at 10 ppm [I]. The
first step toward the calculation at high-order is evaluated very precisely at the next-to-
leading order (NLO) in the framework of SM due to Quantum Electrodynamics (QED) and
electroweak contributions. The previous study at full set of leading-order (LO) and NLO
QED soft-photon corrections was presented in Le Duc Truyen’s thesis “Electron muon
elastic scattering in one-loop QED with soft-photon corrections” [6]. A full calculation at

NLO had been published by Alacevich et al [7].

In this thesis, we calculate the NLO QED hard-photon corrections via bremsstrahlung
process pue — pey. At a high level of accuracy, the mass of the electron must be
kept without any approximations and for obtaining the cross-section, the high-precision
computer programs are necessary. Monte-Carlo integration programs BASES []], VEGAS+
[9, [10] are used in our work. The hard-photon corrections calculated here will be combined
with the virtual and soft-photon corrections from Ref. [6] to obtain the full NLO QED
results. The thesis is organized as follows:

e Chapter 1: An overview of QED
We briefly describe the QED theory (focusing on the Lagrangian of QED) and
Feynman rules, aiming to prepare the theoretical framework for posterior chapters.

e Chapter 2: Phase space of N particles
We present and discuss the integration of phase space element of an N-particle
scattering process. Then, we illustrate how to generate the momentum configuration
in terms of geometric and kinematical variables.

e Chapter 3: Bremsstrahlung process ey — epy in QED
We derive the Feynman amplitude of the reaction ey — epy and calculate the cross-
section with a cut-off kinematic condition in the hard-photon region. Besides, the
experiment requires that the energy of the outgoing electron must be greater than
0.2 [GeV] in the laboratory frame. Finally, we present the full NLO results.

e Chapter 4: Conclusion and Outlook
We summarize our work.
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CHAPTER
ONE

AN OVERVIEW OF QED

1.1 The Lagrangian of QED

Long time ago, the question from the physical standpoint is “How light and matter
interact with each other and how to describe them in the framework of quantum mechanics
at very high velocities considerable ?”. With the born of Quantum Electrodynamics
(QED) theory this question is answered which agrees well between quantum mechanics
and special relativity (theory for the particles moving with velocity approximate the
velocity of light). It gives very accuracy predictions for quantities like the energy level in
hydrogen atom or behavior of charged particles at microscopic region. In the search for
new physics, the new theory must agree with QED predictions at the low energy scale.

Quantum Electrodynamics associates with the electromagnetic interaction, the fermion
field ¢(x) with the mass m and the massless photon field A, (z). The Lagrangian density
(or the Lagrangian, for short) of this model [11] is:

o 1 , _

Laen(2) = (@) (@"0y = m)(x) — 2Fu " — ep(a)y"d(2) Au(2). (1.1)

We consider only the case of charged leptons [ (I = e, ). In the Lagrangian (1.1)), the

first term describes the kinematic of the fermion field, the second term is the kinematic
of the photon field, with an electromagnetic field tensor: F),, = 9,4, — 0, A,.

The existence of the interaction term (the last term) in Eq. is prerequisite for
deriving scattering amplitude which gives information about the transition probability of
the scattering process. The Wick theorem has been used as an intermediate procedure
after expanding the S-matrix element (technical details can be found in Appendix [A]).
Differently from the Wick theorem, another common technique for evaluating the amplitude
is an intuitive mathematics approach via a pictorial representation named Feynman
diagram, which was invented by the American physicist Richard Feynman.

In the next section, we present the Feynman rules of QED.
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1.2 Feynman rules in QED

1.2.1 External line

Each external line includes the coefficient:

p
o> e = u’(p)
p
> ® =°(p)
p
° = =u*(p)
p
° > =v*(p)
k
i ANV =K
k
AVAVAVAV VAV VaVAVAVARE

where s represents spin index, p is the three-momentum of the fermion, A and k correspond
to polarization index and the three-momentum of the photon, respectively.

1.2.2 Interaction Vertex

From the interaction term L;,; in the Lagrangian (|1.1]), we can use the peeling-method
to remove all field operators for obtaining the interaction vertex.

Line = —e(2)y" 9 (2) Au(®). (1.2)

The interaction vertex reads:

(iLing) = —iet. (1.3)

= —ieyH

1‘3+

At each vertex, the energy-momentum and electric-charge conservations must be satisfied.
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1.2.3 Propagator

1. For each internal photon line, it associates with the photon propagator:

_/I/gl/

DE (q) = iy 1.4
la) = (14)
q

——

X AVAVAVAVAVAVAVAVAVAVAVA B

Figure 1.1: Photon propagator.

2. For each internal fermion line, it associates with the fermion propagator:

i(p+m) } 7
ap

Y 1.5
p? —m?2 + e (1.5)

Sis(p) = {

where «, § are called Dirac indices.

p
—_—
o @ > o [

Figure 1.2: Fermion propagator.



CHAPTER
TWO

PHASE SPACE OF N PARTICLE SCATTERING

In the present chapter, we focus on the definition of phase space and the most
important quantity in the reaction processes which is the total cross-section. At the end of
this chapter, we perform the technical steps to generate a set of momentum configurations
in terms of kinematical and geometric variables.

As an usual formalism in the dynamics study of a particle reaction, the conservation
laws must be hold.
For the 2 — n scattering with n = N — 2, py + ps — ps + ... + pn, we have:

N

Ey+ By = ZEi, (2.1)
i=3
N

pi+p2=) D (2.2)
i=3

where m; is the rest mass of the particle,
E} = |pi|* +m;. (2.3)

The momentum space is first defined from the 3n-components of the outgoing momenta.
The presence of four-momentum conservation law in this space causes the energy and
momenta of the outgoing particles can not vary arbitrarily. Hence, we define the phase
space with the 3n — 4 dimensions as a combination of the momentum space and the
four-momentum conservation law. If we consider the initial state of two incoming
particles, it is often fixed by an experiment setting and it is called a fixed channel.

For obtaining the measurable quantity in the reaction process 2 — n, the square of
the transition probability matrix, which we will denote as |[M|?, is integrated with all
allowed variables p;. If the integrals are computed in 3n — 4 dimensional phase space,
the result will be the total reaction cross-section (the total cross-section, for short). The
formula of the total cross-section in a fixed channel [12]:

1

o(s) = ERQ*yn(S), (2.4)
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where /s is the total collision energy, Z = 41/(p1.p2)? — m?m3 is the incoming flux factor
and

Ron(s) = / (27)'6% (P, — Py)| M2 dd (2.5)

contains the integration over phase space. In Eq. (2.5, P;, Py correspond to the total
momentum of initial particles and final particles, respectively,

Py = p1 + pa,
Pr=p3+ps+...+pn.

Additional, the four-momentum conservation is presented by the four-dimensional delta
function §*(P; — Py) and the 2 — n phase space element d®:

d? P3 d3P4 ngN

dd = . .
(27)32E, (21 )32E, " (21)32Ey

(2.8)

The factor H?;J(QEZ) in the denominator of Eq. 1' is just for convenience which refers to
the fact that the quantity d®p /2F is invariant under Lorentz transformation. Considering
the Lorentz transformation (Appendix :

dp, = dp), (2.9)
dp, = dp; , (2.10)
dp, =~(dp., —vdE")

= ydp, (1 —vp,/E")

_ 4y B/, (2.11)
dp, dp,
d3p d3p/

where dE’ /dp, = p,/E" and E = v(E’ — vp.). Therefore, d®p /2F is invariant under the
Lorentz transformation. Next, we have:

d*p = det(A)d*p’ (2.14)

dE’ dE’ dE’ dF’
dE  dp, dp, dp,

dpy  dpy  dpy  dpy
de  dp, dp, dp,
= det d*p’ (2.15)
dpy  dpy  dpy  dpy
dE  dp, dp, dp,

dpl  dpi dpl  dpl
dE  dp, dp, dp,

v 0 0 —vy
= det 8 (1)(1) 8 d*p'. (2.16)
—vy 0 0 «
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Furthermore, the determinant of the A matrix equals to 1, so the d*p is a Lorentz invariant
quantity, and the identities:

/54(19 —q)d'p=1, (2.17)
/54(p’ —g)dYp =1. (2.18)

Besides, the right hand side of Eq. and Eq. is a number. Hence, the §%
function is also the invariant quantity. Consequently, the cross-section in Eq. is
invariant under the Lorentz transformation and we can choose any specifically frames of
reference to compute and obtain the same result.

In Eq. (2.5), if the square of the transition matrix element |M|* is one, the integral
Ry, (s) is called the phase space integral. The next two sections present some general
properties of the phase space integral in different cases: two and three final particles.

2.1 Two-particle final states

2.1.1 Decay process

To begin with, we first consider a decay process: one particle decays into two particles
(1 — 2) in the rest frame of p; which is defined as a frame where the spatial components
of initial particle are zero p; = (F1,p1) = (F1,0).

P1— P2+ P3 (2.19)

We have the invariant mass squared s; defined from the total four-momentum p = E; of
the initial particle:

s1=pi = (P2 + p3)? (2.20)
= B} = (BEy + E3)*. (2.21)

Phase space integral is defined as:

d’p; d’p;
(27T)32E2 (27T)32E3 ’

Ry a(s1, mi,mi) = /(27)454(}71 — P2 —p3) (2.22)

Replacing the three-dimensional momentum to the four-dimensional one by using the
relation [11]:

d*p;  d'ps
(2m)32E5  (2m)4

(2m)d(p5 — m3)O(Es). (2.23)

The theta function ©(FE3) has value 1 if F3 > 0 and equals to 0 if £5 < 0. This kind of
function appears in all expressions of R;_,5. We substitute Eq. (2.23)) into Eq. (2.22) and

consider F3 > 0. Hence, the phase space integral of the decay process is:

d3P2 d4p3

2 aE, (2n) W ~ s): (2.24)

R1—>2(81,m§7m§) = /(27T)454(p1 — P2 — ]93)
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Integrating Eq. (2.24]) over p3 by using the four-dimensional delta function and implement

ps = p1 — p2 in Eq. "

1 d*p
Roco(on o) = s [ SRl = = . (2.25)

In the spherical coordinates, we have d*py = |p2|? d|pa| dQ1o with Q15 = (cos 012, P12) is
a solid angle of py orientations in the rest frame of p; and get:

1 2d dQ)
Rioa(sumiond) = oo [P0 omm—0). (220)

Using the on-shell condition (2.27)) and taking the derivative of both sides, we obtained
the differential relation of energy and momentum:

Ej = |pof” +mj (2.27)
= |p2| d|p2| = B> dEs. (2.28)
Substituting p3 = m3, Eq. (2.21)) and Eq. (2.28) into Eq. (2.26]), one can show:

1 EsdFydcosbhad
Rlﬁg(sl,m%,mg): (2W>2/|p2| 2 22£?2 12 ¢126

1 |p2| d cos 612 d¢12
p— . 2.
(27)? / 4./s1 (2:30)

Eq. (2.30) gives a constraint of the energy Fj:

(51 — 2¢/51Fy +m3 —mj3) (2.29)

s1+m3 —m3

Es = NG (2.31)

From the condition and Eq. , the absolute value of py can be derived:
[p2| = (B3 —m3)"? (2.32)
A T R e e T 2

2./51

Therefore, we can write the integration of 2-body phase space of the decay process as:

1 1 27 )\1/2 s ,mQ’m?
Ry _o(s1,m3,m3) = (27r)2/1d008912/0 dgblg[ ( 18312 3)], (2.34)

where \(a, b, ¢) is Kéllén function (or triangle function):

Ma, b, c) = (a—b—c)* — 4bc. (2.35)

2.1.2 Two-particle scattering

Considering the reaction 2 — 2:

P1+ P2 — p3+Pa (2.36)
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Figure 2.1: The 2 by 2 process

In the center of mass system (CMS), the total three-momentum of the incoming
particles is zero and hence, the total three-momentum of the outgoing particles is
pP3 + P4 = p1 + P2 = 0. We have:

s12 = (p1 + p2)” = (p3 + pa)’ (2.37)
= (B + E»)? = (B3 + E,)*. (2.38)

Using Eq. (2.5]), the two-particle phase space integral can be obtained:

d’p; d’py
27T>32E3 (27T)32E4 .

R2%2(512: m%, mi) = /(277)454(]31 +p2—p3— P4)( (2-39)

The 2 — 2 integral phase space can be constructed in the similar procedure as shown in
the Subsection R. 1.1k

1 1 2T )\1/2 s ’m2’m2
Ry (519, m3,m3) = W/ dcoselg/ dgbm{ ( 1§3123 ) . (2.40)
-1 0

where 63 is the polar angle between p3 and p1, ¢13 is azimuthal orientation of ps around
P1.

Another possible way to compute Ry .5 is using the invariant momentum transfer ¢:

t=(p1 — p3)°
= m% + m§ — 2p1.p3
=m? +m2 — 2(E,Fs — |p1||ps| cos f13) (2.41)
= dt = 2|py||ps| d cos ;3 (2.42)
= dcosf3 = i (2.43)
2[p1|ps]

By using the fact that 2 — 2 scattering has a cylindrical symmetry, ¢13 is a trivial variable.
We can take the integration over ¢35 and substitute Eq. (2.43)) into Eq. ([2.40)).

Ry_.5 can be written as:

(2.44)

R2—>2(5127 m§, mi) =

1 i
1 / ar
167T|p1|\/812 t—

From cosfy3 = £1 and |p1| = A/?(s12,m?,m3)/(2,/512), we can derive the constraint of
t:

t* =m? 4+ m?2 — 2(E Es T |p1||ps))- (2.45)
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2.2 Three-particle final states
Collision of 2 — 3 process:

1+ P2 = D3+ Pa + Ds (2.46)

h
Ps

P2

Figure 2.2: The 2 — 3 scattering decomposed into a 2 — 2 process and a 1 — 2 decay.
The integral of phase space is:

Ro_,3(s12, m3, mj, m2) = /(27)454(171 + P2 — 3 — s — Ps)

d’p;  d’ps dps
(277)32E3 (271')32E4 (27T)32E5

(2.47)
To decompose the 2 — 3 into a 2 — 2 process and a 1 — 2 decay, we use this identity:
1 —/d845/ °F 6% (pas — pa — ps)
45
= /d345 / d* Pas 5(]045 - 845)54(1745 — Pa—Ds)

= /d845 5((}?4 +p5)2 — 545), (248)

where F% = |pus|> + s45. We insert the identity (2.48)) into Eq. (2.47) and get the result:

1 d3ps d*p
Rys(s12,m3, mj, m3) = o /d845 {/(2ﬂ)4(27r)32E3 (27r)3245E45 5*(p1 + p2 — p3 —p45)}

: {/ (2’ (22)5& (2:)52515554@ womer 5)}' (249

The first bracket can be seen as a reaction of two particles in the CMS of p; + ps and the
second is a decay process in the rest system (RS) of pys. In concise form it is:

Ry 3(s12,m3, m3,m2) = o /d845 Ro yo(812, M3, S45) R1s2(845, m3, m3). (2.50)

We choose the first term Ry .5 by Eq. (2.40) and Eq. (2.34) for the second R;_,,. We
denote different frame by upper indices, R12 stand for CMS of p; 4+ ps and R45 is the RS

of pas.
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1 1 27 \L/2 2
Ry 3(s12, M3, mj, m3) = (27)5/(1845/ dcosé’R12/ deft'? (812,53, 545)
1 0

8512
% /1 d cos R4S /27r dpTes )\1/2(545,7”421’”1%)7 (2.51)
1 0 8545
in which:
si2 = (p1 +p2)?, (2.52)
s15 = (pa+ps)°. (2.53)

The solid angle Q12 = (9112 $R12) defines the orientations of ps with respect to p; in the
R12 frame, and QF45 = (9745 ¢F45) describes the orientations of p4 in the rest frame of pys.

We shall next analyze the boundary region of the integral in the variable s45 in the
R12 frame. Because of the on-shell condition F3 = |p3|* + m3 > m3, we have:

S5 = (pa+ps5)° = (P +p2 — p3)° = s12 — 2v/512E3 + 3

2.54
= S19 — 2v/512F3 + mj < 519 — 24/S19m3 + m3, (2:54)

i.e.
S45 < (V/512 — m3)2, (2.55)
and in the R45 frame:

Syq5 = <E4 —+ E5)2 Z (m4 + m5)2, (256)
give the constraint of sys5:
(m4 —+ m5)2 S S45 S (\/812 — m3)2. (257)

2.3 Total cross-section
We now establish the analytical formula of the total cross-section in a 2 — 3 scattering;:

1
ras =5 [ RIMES b1+ 52 = s~ pi )

d3P3 d3p4 d3p5

8 (27)32F5 (2m)32E, (27)32E5’ (2.58)

where

Z = 4\/(171-]92)2 - m%m%
:4\/(812—m%—m%)2 2,2

— mim
17792
4

2 2 2,2
(s129 —mi —m3)%2 —4dmim3  sio
— 4 y
4 S12

)\1/2(812, m%, m%)

VS
9 ,—312 12
= 4|p1|\/5’12. (259)

=4
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From Eq. (2.51)), Eq. (2.57) and Eq. (2.59)), we obtain:

(V/s12—m3)?
O9_y3 = dsys
7 27T |p1|\/31 /m4+m5
% [/ d cos HF12 /27T d¢R12 )\1/2(81277”%7845)}
-1 0

8812

1 o 1/2 2 9
X [/ d cos 0R45/ d¢R45 A (545, ma, m5)} !M(Pi)ﬁ (2.60)
_ 0

1 8845

where p; is the momenta in one frame.
From this we define the phase space volume:

(2.61)

V /(\/Emg)2 d A2 (s19,m3, 545) A% (545, m3, m?)
— S ’
P 45 51273 |py |85 (512)3/2

my+ms)?

In Eq. , the total cross-section is written in terms of invariant variables si2, s45. The
geometric variables (¢f'2, 9F12 pR45 9RA5) are computed in different reference frames.
However, to calculate |M|* we need to have all momenta in one reference frame. This is
a remaining problem that we will solve in the next section.

2.4 Generating set of momentum

The main technique to calculate the total cross-section numerically is generating
the set of momentum configurations in one reference frame. However, in Eq.
remains two different frames R12 and R45. So, this section is organized to transform
all kinematical variables into the CMS of p; + p, via Lorentz transformation tools which
well-known formulas can be found in Appendix[B] We step by step construct the individual
set of momenta in the specific frames (R'? and R*) and combine them at the end of the
section, respectively:

R'2 and R* correspond to:

e CMS of process p1 + ps — p3 + pas,
e Rest frame of process ply; — p)y + p5.

The four-momentum p;(i = 1,2,3,45) and pj(j = 45,4,5) will be parameterized with the
space components being written in the three-dimensional spherical coordinates. We also
relabel (6712 ¢f12) in R12 frame to (013, ¢13) and similarly (0745, ¢f45) to (O45, ¢as). All
kinematical variables of particles in R'? and R* frame can be written in terms of the
four-vectors which is convenient for numerical calculation. Especially in the R'? frame:

p1 = (E1,p1) = (E1,0,0,[p1]), (2.62)
p2 = (E2,p2) = (E2,0,0, —|p1]), (2.63)
ps = (E3,p3) = (B3, |ps| sin(613) sin(¢13), [ps| sin(fy3) cos(é1s), |ps| cos(f13)),  (2.64)
= (Eu5,P1s)
= (Ey5, —|p3| sin(fy3) sin(¢13), —|p3| sin(fy3) cos(¢13), —|ps3| cos(f13)). (2.65)
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From Eq. (2.62)) to Eq. (2.65]), we get:

2 2
S12 +my —mj

2y/512
By = \/s12 — Fu,
)‘1/2(3127m%7m%)
2\/512 ’
S12 + m§ — S45
2y/512 ’
Eys = /512 — Es,
o] = 2121 8)

2\ /S12

Similarly, in the rest frame of p)j;, the set of momenta is:

piLE) = (Ez/157p£15) = (Eifwovovo) = (\/545707070>7

b =

|P1| =

E3:

Ey, py) = (B4, [yl sin(bas) sin(us), [Py sin(045) cos(us), [Py cos(6s)),

Py = (
ps = (E%, ps)
= (

Eé7 —’PU sin(fy5) sin(¢s), —‘pﬂ sin(fys) cos(¢as), —\p21| cos(045)).

where:

)\1/2(545, m?p m%)

2,/845
2 2
B S45 + My — M
4 — )
2\/845

Eg = \/S45 — EA/l

AR
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(2.66)
(2.67)

(2.68)

(2.69)
(2.70)

(2.71)

(2.75)

(2.76)

(2.77)

For the previous requirement that the total cross-section must be computed in the CMS
of p1 + pa. We then transform the p) and p from R* frame to R'? frame. pys and p/;
can be used to obtain the relative velocity of the two frames. Because the velocity of p;
in R45 is zero, then the relative velocity is the velocity of ps; in the CMS of p; + ps:

Pas

V45 = -
Eys

(2.78)

Inserting vy in Eq. (2.78)) into a Lorentz boost matrix in Eq. (B.17) (Appendix [B]). We
obtain p; = (E4,ps) and ps = (E5,ps) in the CMS of p; + po. We can now use the

(p1, P2, Ps, Pa, ps) to compute the |M|?.
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BREMSSTRAHLUNG PROCESS ep — epy IN QED

In experiment, we measure the cross-section of the process ey — ey + N~ where
N=0,1,2,...,00.
In the LO approximation, we take N = 0 and 0 = o0 = oo(ep — ep) ~ O(a?).
In the NLO approximation, we have N = 0,1 and
o= o010+ oolep — ey +7y) + oy (epr — ep), where:

oolep = epr+7y) = 0o (Ey < AE) + Opara (B, > AE). (3.1)

Our work is computing the cross-section oy,.q of the bremsstrahlung process

ey — ep + v which is the hard-photon corrections. Combining this result with the soft-
photon corrections and the virtual-corrections in Le Duc Truyen’s thesis Ref. [0] gives the
NLO QED corrections to the ey — ep scattering. At the end of this chapter, we prove
the cross-section at the NLO is independent of a parameter AFE.

0—1(:?58 = 0LO + Ovirt + Jreal(ag)a (32)
where

O_real(a?)) == Usoft<a37 AE) + Uhard(aga AE) (33)

3.1 Feynman Amplitude

Consider the Bremsstrahlung scattering process:

e(p1) + pu(p2) — e(ps) + p(pa) + (k) (3.4)

There is four possible photon emission process that can exist corresponding to four
Feynman diagrams. Based on the Feynman rules in Section we can write down
the Feynman amplitudes of process using the Feynman diagrams Fig. [3.1] - Fig. [3.4]
The arrow on each external line which is the fermion flow coincides with the momentum
direction. For an external photon, photon propagator, and internal fermion the momentum
direction was denoted by the arrow line next to it.

13
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e P1 P3 e
I Py H
> B >

Figure 3.1: The photon emission off the incoming electron

In Fig. 3.1 we have the Feynman Amplitude:

|
[(p1 — k)2 — m2)(p2 — pa)?

Ml = i63

x W% (p3) (Br— K+ me)y u (p1)a® (pa)ysu(p2) e (k).

Figure 3.2: The photon emission off the outgoing electron

In Fig. 3.2 we have the Feynman Amplitude:

|
[(ps + k) — m2](p2 — pa)?

Mg = i63

X 0% (p3)v* (st K+ me)y u™ (p1)u* (pa)vau® (p2)es (k).
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e P1 B P3 e

Y

Figure 3.3: The photon emission off the incoming muon

In Fig. [3.3] we have the Feynman Amplitude:
3 1
[(p2 —k)? — mi] (p1 — p3)2

Mgzie

X @ (pa)y? (Ba— K+ my) v u (p2)a™ (ps)vau’ (pr)es (k).

e P1 B P3 e”
+ dh
_ a4 _
iz P2 — Py K
> B > >

Figure 3.4: The photon emission off the outgoing muon

In Fig. 3.4 we have the Feynman Amplitude:
03 1 i
[(pa + k)2 = m2] (p1 — ps)

My =

X T (pa)y* (Bat K+ my)y u (pa)ia® (ps)ysu™ (pr)es (k).
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In case of unpolarized beams, we do not know the spin of the initial particles. Thus,
we have to average overall all spin states by including the overall factor i in the squared

amplitude:

1
MP =2 D7 M+ Mo+ M+ M

51,52,53,54

(3.5)

The expression of the amplitude squared is too long to display here. It is automatically
calculated with the help of the symbolic manipulation program Form [I3]. The reader

can find this code in the Appendix
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3.2 Phase space mappings in the numerical integration

Mapping is the specific combination of the final particles into a subset, aiming to
use the Lorentz transformation to breakdown the multi-particles final state in 2 — n
scattering to sub-processes 2 — 2 and 1 — 2. For instance, in Section the muon and
photon in the final state are combined. Then, we will call them as the mapping (45)3.
Because our scattering has three final particles state then there are three possible ways
to combine them into three mappings.

e Mapping (45)3 is a combination of the final state of electron and photon,
e Mapping (35)4 is a combination of the final state of electron and photon,
e Mapping (34)5 is a combination of the final state of electron and muon.

Mapping illustrates the different sets of momenta. It is not only cross-checked against the
numerical results of an observable quantity in the certain scattering process but also the
improving efficient convergence rate if we find out the best mapping.

3.2.1 Mapping (45)3

Mapping (45)3 has already been constructed in Section where the formula of the
cross-section Eq. (2.60)) and the set of kinematical variables have been provided. Besides,
the set of momenta in the R12 frame has been established in Section 2.4l

3.2.2 Mapping (35)4
The total cross-section of ey — epry scattering based on Eq. ([2.58)) is:

d3p3 d3p4 dSk
(27)32F5 (2m)32F, (27)32ko

1
7= [CRIMES o1 2 — - — 1 (36)

Using the familiar identity to decompose the 2 — 3 process into two parts by:

1= /d835/ ok 554 p35 — P3 — k) (37)
35

where
S35 = (pg + ]{3)2 (38)

We take the similar procedure to obtain the total cross-section in Section[2.3|and Eq. (2.59).
Then, we can derive the total cross-section o in the mapping (35)4 as:

1 (v/s12—mp)? 1 o )\1/2(812, m2’ 835)
= ds / dcosf / d =
4(27T>5|p1|\/812 /7;13 % [ —1 " 0 ¢14 8812

1 2T 1/2 2 2
X |:/ d cos 035/ d¢35 A <8357 Me; mk):| |./\/l|2, (39)
— 0

1 8535
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where Q' = (cosfyy, ¢14) is the solid angle describing the orientation of p, with
respect to p; in the CMS of process p; + pa — ps + p3s and Q3° = (cos 035, ¢35) describes
the orientation of ps in the rest frame of process py; — ph + K.

According to the procedure of generating the set of momenta in Section [2.4] we now
construct the formulas to compute energies and momenta in mapping (34)5.
The value of the total energy and momentum of the incoming muon and the electron are
obtained from Eq. to Eq. by replacing (mq, ms) into (m., m,,), respectively.
In the CMS of process p; 4+ pa — ps + p3s:

)\1/2(3127 mfw 535)

- , 3.10

i = = (310)
S12 + m2 — S35

E, = 2 : 3.11

4 NG (3.11)

E35 = /S12 — E4. (312)

So, the set of momenta is:

= (E1,p1) = (E1,0,0,[p1]), (3.13)
= (B2, p2) = (E2,0,0, —[p1]), (3.14)
= (E1,p1) = (B, [Pal sin(b1a) sin(¢14), [pa] sin(b14) cos(dua), [pa| cos(b1a)),  (3.15)
p3s = (Ess, P3s)
= (E35, — |pa| sin(f14) sin(é14), —|pa| sin(014) cos(d14), —|pa| cos(014)). (3.16)

In the rest frame of pj;, the energy and momentum is:

)\1/2(535, mi, mi)

/
p:
‘3| 2\/%
2

S35 +m2 — my

E}, = = 3.18

k?é = /S35 — Eé (319)

(3.17)

The set of momenta is:

p35 ( 35’pg’>5) = (Ei,’)57070’0) = (@7070’0)7 (320)
= (B3, ph) = (E5, || sin(fs5) sin(¢ss), [ph] sin(bss) cos(dss), [ps| cos(bss)),  (3.21)
<k07 k/)
= (ko, —|p5]| sin(035) sin(@ss), —[ps| sin(bss) cos(¢ss), —|Ps| cos(03s)). (3.22)

Then we transform the pf and &" into the CMS of p; + po by the Lorentz transformation
in the similar fashion in Section 2.4l

3.2.3 Mapping (34)5

In the mapping (34)5 we define the invariant mass squared as:

30 = (p3 +pa)°. (3.23)
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And the solid angle Q' = (cos 015, ¢15) present the orientation of k around a beam axis
p:1 in the CMS frame of p; + ps — k + p3s and Q3* = (cos O34, ¢34) is the solid angle of
orientation of pj in the rest frame of process py, — ps + pj.

The total cross-section in the mapping (34)5 is:

2
S12, My, 334)}

2 /\1/2(
ds dcos @ d
(27T) |p1| V S12 (me+my)? i |:/1 o / ¢15 8312
1 2 )\1/2 2
X [/ d cos (934/ d¢34 (534’me’mu)] |M’2 (324)
— 0

1 8534

From the similar procedure in Subsection [3.2.2] we have the following formulas of energy
and momentum of particles in two reference frames (R12 and R34) and the set of momenta.
In the CMS of p; + po — k + pas:

)\1/2(312, mZ, 534)
2w/812 ’
S12 + mi — 834
) 3.26
WG (3.26)
E3q = \/s12 — ko. (3.27)

The set of momenta is given by:

K| = (3.25)

ko =

p = (B, p1) = (E1,0,0,|p1]), (3.28)
p2 = (B2, p2) = (F2,0,0, —|p1]), (3.29)
k = (ko, k) = (ko, |k| sin(015) sin(¢15), |k| sin(0;5) cos(¢1s), |k| cos(615)), (3.30)

P34 = (E347 p34)
= (F34, —|k| sin(6y5) sin(¢15), —|k| sin(0;5) cos(p15), — k| cos(b15)). (3.31)

In the rest frame of pj, of process ps, — ps + pl:

)‘1/2(5347 mza m2)

5 = = 3.32
S34 + m2 —m?
E; = <k 3.33
3 2\/834 ( )
E) = \/s31 — E. (3.34)
The set of momenta is:

p34 - ( 34 péél) - (E2,547 07 07 O) - (\/ 534, 07 07 O)) (335)
(Eé, pg) (B3, |p3| sin(0sq) sin(psa), [P5| sin(634) cos(dza), P3| cos(f34)),  (3.36)

(EL P3| sin(fs4) sin(¢s4), —| P3| sin(f34) cos(¢ss), —|P5| cos(fs4)).

Finally, the analogous work in transformation pj and p) into the CMS of p; + po follows
as in Section 2.4



CHAPTER 3. BREMSSTRAHLUNG PROCESS eu — euy IN QED 19

3.3 Numerical Results

From the formula of the total cross-section that we have constructed in the previous
section. We see that there are two important parts: the matrix element squared and the
phase space integral. Before calculating the cross-section via BASES and VEGAS+, we
check the amplitude squared between different programs. Next, we compute the cross-
section with two cut-off conditions AE > 107*y/s/2 [GeV] and F3 > 0.2 [GeV] in the lab
frame in order to find the best phase space mapping. Finally, we present final results for
the cross-section with applied cut E5 > 0.2 [GeV] in the lab frame and AE > 10"/s/2
[GeV] (n = -2,-3,...,-6).

3.3.1 Data set
We use the same following parameters in BASES and VEGAS+:

e Mass of electron m, = 0.1056583715 [GeV],

e Mass of muon m,, = 0.510998928 x 10~* [GeV],

e Mass of photon m; = 0 [GeV],

e Constant k = 389.3793721 [GeV 2 ub] for converting from GEV ™2 to ub,
e Fine structure constant o = 1/137.03599907430637,

e The energy of the incoming Muon in lab frame E = 150 [GeV],

e Using s = mi +m? + 2m.E [GeV~?] we get the colliding energy in the CMS:

Ecys = /s = 0.4055411581922807 [GeV].

3.3.2 Pre-Calculating

First, we check BASES and VEGAS+ at one phase space point in order to investigate
the accuracy of the square of amplitude with the set of momenta (the unit is GeV) given
by:

p1 = (0.1890069571768645, 0.0, 0.0, 0.1890062664076317);

pe = (0.2165342010154162, 0.0, 0.0, —0.1890062664076317);

ps = (7.1653021113101970 x 102, —3.1654810669732455 x 1072,
— 6.3710439572897432 x 102, —8.5350551036181589 x 10~?);

ps = (0.19453505093343165, 1.5691325908940491 x 1072,
0.10599426903523390, —0.12328500231798974);

k = (0.13935308614574704, 1.5963484760791957 x 102,

— 4.2283829462336477 x 1072,0.13182005742160791).
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Table 3.1: Comparison of |[M|* (the average factor 1/4 is included) between BASES,
VEGAS+ and FormCalc at one phase space point.

Feynman Amplitude Squared
BASES || 554.99751645972185

VEGAS+ || 554.99751645972481

FormCalc || 554.997516459736

BASES and VEGAS+ use the squared amplitude produced by the FORM code in
Appendix |C.0.3] FormCalc [14] generates the squared amplitude automatically using the
FeynArts [I5]. The FormCalc result is provided by Dr. Le Duc Ninh.

We now introduce the definition of variation (VA) and relative error (RE) which help
to further comprehend not only the precision of numerical results but also comparison of
different calculations.

If two observables have the numerical representation K; = K +¢; and Ky = Ko+ €. In
which K;(i = 1,2) are the mean values and ¢; are the absolute errors. The VA between
K, and K, is obtained by the relation:

% -

VA = [sigmal. (3.38)
€2 + €3
If VA < 2 then we say that the two results agree well.
An individual measurement has the result X = K + ¢. The RE is defined as:
100
RE = © XK %) (3.39)

The RE is a measure of precision. It presents how accurate a measurement is compared
to the true value. The RE often write in the part per million (ppm) unit:

RE — € ><_1O6
K

Second, we compute the cross-section to check generating the set of momenta. We use
the following conditions:

e The energy of the emission photon AE > 107%,/5/2 [GeV],

[ppm]. (3.40)

e The energy of the outgoing electron E3 > 0.2 [GeV] in lab frame.

Table 3.2: Comparison the cross-section in the hard-photon region between BASES and
VEGAS+ at the same 107 points. The VA is computed with respect to the mapping
(34)5.

Mapping (34)5 | Mapping (35)4 | Mapping (45)3
BASES 388.73(24) 387.74(80) 388.46(89)
RE [%] 0.0678 0.2067 0.2303
VA [sigmal] 0 1.1882 0.2874
VEGAS+ 388.653(35) 388.27(14) 388.61(15)
RE [%] 0.0090 0.0361 0.0386
VA [sigma] 0 2.6540 0.2792
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Based on computing the cross-section in the hard-photon region, we find that the mapping
(34)5 has the lowest RE not only in the VEGAS+ but also in the BASES.

3.3.3 Main result

Finally, we use the cut-off condition in the hard-photon region and the energy of the
outgoing electron in lab frame:

e The energy of the emission photon AE > 10"y/s/2 [GeV] (n = —2,-3,...,—06),
e The energy of the outgoing electron E3 > 0.2 [GeV] in lab frame.
The cross-section at NLO is obtained by Eq. (3.2)):

a%?g = 010 + Ovirt + Osofi (@, AE) + opara (0, AE), (3.41)
where the cross-section at LO (using Mathematica):

oLo = 1265.0603541 [pb]. (3.42)

Table 3.3: Summary of the cross-section of the hard-photon corrections oya.q [b] by
VEGAS+ using the mapping (34)5; the cross-section of the virtual and soft-photon
corrections oy + sore [#b] and the cross-section at NLO QED corrections JEEOD [ub] at

different n.

n || Onara [#D] | vt £ oot [#b] | 0% [ub] | RE ofro [ppm]
22 (| 209.1694(24) | -138.5914(16) | 1335.6384(29) 2.17
-3 || 298.7590(36) | -228.5453(26) | 1335.2741(44) 3.30
-4 || 388.6780(49) | -318.4989(37) | 1335.2395(61) 4.57
-5 || 478.6436(66) | -408.4527(47) | 1335.2513(81) 6.07
-6 || 568.6031(77) | -498.4066(57) | 1335.2569(96) 7.19

Then, we calculate the relative corrections of the cross-section at the NLO
(considering n = -4 in Table [3.3) to the cross-section of ey — e scattering:

QED

dnro = NLO —ILO 100 [%) (3.43)
JLO
1335.2394 — 1265.0603

= 100 ~ 5.54 . .44
1265.0603 x 100 7 5.5475 [%] (3:44)
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Figure 3.5: Dependence of the cross-section with respect to the parameter n which relates
to the energy of the photon AE = 10"y/s/2 [GeV].

In Fig. , the sum of the cross-section op.q and oy 4+ sofy 1S independent of AFE.
This result is consistent with our expectation.
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Figure 3.6: The LO and NLO QED differential cross-sections of the ey — ep process
as functions of the electron scattering angle cosfy3 (left plot) and the muon scattering
angle cosfyy (right plot). The ratio of the NLO and LO (left) and relative NLO QED
corrections (right) are shown in the lower panels.

In Fig. [3.6] we show that the effect of NLO corrections to the differential cross-section
(left plot) in the region of the —1.0 < cosf3 < 0.0 is large. Especially, in the very small
region (near -1.0) NLO result approximates ten times the LO one. In case cosfy, (right
plot), the correction is much smaller than the cosf;3 (lower than 20 [%]).
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Figure 3.7: The LO and NLO QED differential cross-sections of the ey — e process as
functions of the squared momentum transfer ¢13 = (p; —p3)? (left plot) and toy = (py—p4)?
(right plot). The relative NLO QED corrections are shown in the lower panels.

In Fig. [3.7, we see that the NLO corrections to the differential cross-section as a
function of the squared momentum transfer ¢3 (left plot) and to4 (right plot) are small

(less than 10 [%)]).
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CONCLUSION AND OUTLOOK

Conclusion

In this work, we have computed the cross-section of the bremsstrahlung process
e(p1) + p(p2) — e(ps) + pu(ps) +v(k) in QED theory. This result together with the virtual
+ soft-photon corrections from Le Duc Truyen’s thesis [6] gives the following NLO result:

ote = 1335.2395 & 0.0061 [ub],

with the cut on the energy of the final state electron E3 > 0.2 [GeV] in the laboratory
frame. The precision is 4.57 ppm obtained after 7 hours running the VEGAS+ code
(using one core of the computer: Intel(R) Core(TM) i7-6700K CPU @ 4.00GHz).

To achieve this result, we use the newest version of VEGAS+ 4.0.3 and computed the
cross-section without any approximations. Besides, we have constructed the three phase
space mappings that are useful for cross checking numerical results. We have found that
the mapping (34)5 gives the best precision.

We have also checked that the final NLO cross-section is independent of the soft-photon
cut-off parameter AFE.

Outlook

The next step is taking into account the pure weak contributions to obtain the full
NLO results in the Standard Model.
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APPENDIX
A

WICK THEOREM

A.0.1 Wick theorem

Considering S-matrix contain information about scattering transition probability [I1]
1s:

0 :iﬂ/m /oo TH (0 Hi(t) . Hi(t)) ey dias . dhe, . (AL)

n!
i=0

In QED, the interaction Hamiltonian H,(t) = e&'y“wAu. In the expansion of S-matrix
contain the time ordered operator 7, in terms of which contain the normal ordered. The
normal product operator is the procedure that putting all destruction operator in the
right hand side of the creation operator. The time ordered operator is another differently
which move all operator at the early time in right of operator in the later time, this cause
the contrary between two operators. For this, we need the relation connection them which
is Wick’s theorem [16].

Counsider the Wick’s theorem in case two scalar fields. Based on the definition of time
ordered operator:

Tlo(z)o(2')) = O(t — t)p(x)d(x") + O — t)p(2)p (). (A.2)

We have to write the right hand side (RHS) of Eq.(A.2) in term of normal product. It
can be done by rewriting:

b(x) = 61 () + 6_(2). (A3)

where ¢, (x) contains the annihilation operator and ¢_(x) contains the creation operator
in written explicitly.

RS T R R L T
00 = [ G e )= [ (A

Based on the properties of the quantum state, the annihilation operator acting on vacuum
state and give the zero. We have:

b ()]0) = 0, (0] ¢—(x) = 0. (A.5)

25
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Then:

O(2)p(2') = ¢+ ()91 (2") + 90— (2)9+(2') + ¢4 (2)9—(2) + o () (2). (A.6)

The normal ordered operator : ¢(x)¢(z’) : is the same form of Eq.(A.6) except the third
term:

L p(2)d(2)) : = d(2)(2") — b1 (2)9- (7)) + ¢—(2) 94 () AT
= p(x)(2’) — [+ (2), ¢ (2)]_. (A.8)

If we take both side of Eq. inside the vacuum expectation. In other word:
(0lg(2)e(2")[0) = (0l¢+(x)o—(2")]0) (A.9)

since the remaining term is vanish according to Eq. (A.5]), we can rewrite the Eq. (A.9)
by additional the extra term that annihilation the vacuum state:

(Op(z)¢(2")|0) = (0l (2)d-(2") — ¢ (a") 4 (2)]0) (A.10)
(0lo(z)d(2)[0) = (0l[g+(x), - (2")]_[0). (A.11)

The vacuum expectation in Eq. (A.11]) is a number because of the commutation relation
in the RHS is also a number. It make sense when putting all together into Eq. (A.8):

o(x)p(z') =: p(z)P(2) : + (0l[d4(2), p—(27)]_]0) . (A.12)
Taking both side of Eq. by time ordered operator we get:
Tlo(x)p(a)] =: d(x)d(a") - + (0| T o+ (x), p—(2")]_[0) - (A.13)

The RHS of Eq. ((A.13) contain the time ordering product of two field. It quantity can
be rewritten simple by Wick contraction:

/ N /
(0T 9+ (x), p—(2")]_10) = o(x)(2"). (A.14)
If they correspond to the same field. Get i times respect to the Feynman propagator [16]:
—

o(1)¢(w2) = iAF (21 — 13), (A.15)

1 1
¢(331)¢T(332) = ¢T(952)¢($1) = iA" (11 — x9) (A.16)

— 1
Ya(r1)thg(22) = — Yp(22)a(r1) = i555(21 — 22) (A.17)
—

A, (11)A, (22) = Zny(xl ) (A.18)

A.0.2 Third-order of S-matrix

The Bremsstrahlung scattering:

e(p1) + p(p2) = e(ps) + p(pa) + (k) (A.19)

where the initial and final state is defined as:

[p1p2) = V/2E1\/2B5al al? 10) (A.20)

p3p4k’| Ol \/ \/ 2E4\/ Qkoa;Za;i . <A21)
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From the interaction term in Eq. (1.2):
Lint = —eb(@)" () A, (), (A.22)

The first non-trivial contribute to amplitude obtained with the S®). We have the formula
of amplitude scattering is:

T
(pspak|S® — 1 pips) = limr_ oo (pspak| T {6%‘29(—2' /

-T

where H; = e [ d®x (PIy* T AL + iy AZ). We have:
(pspak|S® — 1|pipa) =
1 . TT QT AT Q)T AT
(i gy(—ie)® [ o dlyats TG v AL + G5 g AT)

X (QIA Y AY + pUn Y AL) (Vi L AL + iy YL ALY [paps)
= z'/\/l(27r)454(pi —py)-

(A.24)

Among the eight terms occurring in Eq. (A.24]) and considering the symmetry of x,y,z.
So, we reduce the factor 1/3 and get two terms contribution to the scattering [A.19}

1/_}:1: awwaQ/_}y ﬁwyAy’l/_JZ Vw;AzZn <A25)
¢x a¢xAx y75¢yAy¢z V¢ZAZ (A.26)

Then third-order S-matrix expand:
<p3p4k‘|5(3) — 1pip2) =
(wiey [ dodyds Gupk| TUG S L0 ARG A (A20)
+ Pt ALYy Pl ASiA L AZTY Ipaps) -

where the field operator of the fermion field and the photon field [I1]:

00 = [ Gty 2 e ), (A29)
QZ(I) = /W—\/ﬁz (ansﬂs( ot bs 7 (p) w:c)7 (A.29)
Ax) = / 2n) m Z <ake e~ kT 4 aLAe*A(k)eikgc). (A.30)

We now analyze separately time ordering operator in Eq. (A.25)):

Ty YT AZPY A Y At AZ) = 297 T AT A2 LI Py ARy Y
+ 2¢ZEZA%AiX Ly ALY Y

(A.31)
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And similarly in Eq. (A.26)

_ _ _ —, _ _
Tlpy s ALin Py Al i Y AZ) = 20050, AL AT X 2 i Pl Alin o7 -
,z_l_y 'y_lz T AT B YT EAVZ
+ 21/}p¢yA,BAz/X : ¢y7 Aa’y ¢u¢37 ¢e s

The factor 2 derive from the analogous perturbation of the fermion operator. Then we
take out the factor 1/2 in Eq. (A.32)) Taking the first term in the right hand side (RHS)
of Eq. (A.31)) into the initial and final states of the scattering (A.19)), we obtain:

(A.32)

_ ,x_l_y,at_lz T By AY TRV .
I = (pspak | AG AT X s biy ™y 1/’6145 Y 1/@ |p1p2) =
(i )3/ dPqp  d’qy  d’qz dPqy dPK
—ie

\/2qu \/2Eq2 \/2]_'*7(]3 \/2Eq4 \/ 2k},

X \/2Ep,\/2Epy\/2Fps\/2Ep,\/2F (A.33)

A _s4 s3 .r3 .11 N rq ro S1 So
x (Oagag apad ag, ayag a2 as) az? |0)

dizdlydiz

P3 743 41 q4 Q2 "P1 P2
_p a % d4Q3 i r d4q/ _Zgﬂl/ —r v, T
<@ [ G @) [ g )
2 e

w e®(@3tk—q) giy(a—q1—q') yiz(q'+aa—q2)

Using the anticommutation relation of annihilation and creation operator of fermion field
and commutation relation of creation and destruction operator of photon field:

{ap,all} = (27)°6°(p — q)d™, (A.34)
. ay | = 2n)5(p - @)™, (A.35)

We have:

I — (—Z€>3/ d3q1 d3Cl2 d3q3 d3Q4 dSk/
2By \/2Eg /2B \/2Eq \/2K,

X \/QEPI \/QEpz \/2Ep3 \/2Ep4 \/2Ek’

X (2m)* (ps — q3)0°" (2m)* (p1 — 1)6™" (27)° (s — qu) 7™ (2m)° (p2 — g2)6°"

x (2m)3(k — KoM

d4q3 d4q/ —r DN 1 B, r 9By _r iqaz v, T
= [(27T>4 / (2ﬂ)4(“ (g€ m’y u 1(‘11)(]—?” “(qu)e" ™y u" (q2))]
x 54 (ps + K — q)6"(qa — p1 — )5 (¢ + pa — p2)-

x [ d*zd'ydiz

(A.36)
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we get:

[— (_ie)g/ Par dPqp d’qs dqy FK
\/2E(Il \/QECD \/QE‘IS \/QEQ4 \/2_]{:6
X \/2Ep,\/2Epy\/2Fps\/2Ep, \/ 2F
X (2m)°(p3 — q3)0%" (2m) (1 — @) 37 (27)° (pa — q4)0™" (27)° (P2 — ¢2)0°*"™
x (2m)3(k — K)o
4 4./
B [éf)i / <§f>4 (@ (as)y"e:) ﬁv‘*wl(qﬁ 7 @) )]
X 0% (ps + K = q)* (¢ = p1 — )6 (¢ + pa — ps)
= (e @m) [ (a7 P (00) L () o (a0)]
qo — Me qr
X ' (ps — p1+ k + pa — pa).

x [ d*zdlydiz

(A.37)

where:
g2 = Ps3 + k7
q'; = p2 — Pa.
Then, one of the Feynman amplitude of ey — epy process is obtained from Eq. (A.24)):
. _r o % 1 r vV _rp v_ T
Mo = =i [0 (g5 e ———"u" () g™ ()7 ™ (g0)]. - (A38)
gQ — Me a7

Doing the flowing procedure above to obtain the remaining results. The second term of

Eq. (A.31)) is:

. —T ]' (O r vV —p v T
M = i@ ()" e @) @y @) (A9
1 € 1

where:
a1 =p1 +k (A.40)

The first term of Eq. (A.32)):

. —r 1 ok r g vV —pr v, T
M = i€ [ (ga)y” P etu 2<Q2>q%u sy u" (1)) (A.41)
3 € 2
where:
qs = p2 + k,
q; = P1— Ps.
And the last term of Eq. (A.32):
. —ry o _* ]- r g vV —p v, T
My = ie’[a" (qa)y EQAHVBU 2(Q2)q—€}2u *(g3)y u"™ (q1)], (A.42)
4 I 2

where

s =pa t+ k. (A.43)
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LORENTZ TRANSFORMATION

Consider two reference frames S defined by coordinates ¢, z,y, z; S” and its coordinates
t', 2,y 2’ move relative to S with constant velocity v along side the z axis. The relationship
between two system of references is Lorentz transformation [12]. For simplicity, x, x” and
y, v’ axis still parallel to each other, the time is synchronize at origin ¢ = ¢ = 0 and use
the natural unit A = ¢ =1 for all.

¥ =z, (B.1)
"=y, (B.2)
2 =(z —vt), (B.3)
t=~(t—wvz), (B.4)
where v is Lorentz factor.
y=(1—v?)" V2 (B.5)

If the relative velocity between two frames in arbitrary direction, generally form of Lorentz
transformation according to Ref. [12]:

;L YV.W
w —w+7x<ﬁ—t), (B.6)
t=~(t—v.w). (B.7)

where w = (z,y, z).

Based on the theory of special relativity the three components of space x,y, z and time ¢
construct the four-vector z# = (20, 21, 2%, 23) = (¢, z,y, z). Under Lorentz transformation
any four-vector a” = (a°,a',a? a®) transform like x Ref. [12]. Therefore, the Eq.

and Eq. (B.7) is rewritten in terms of the four-momentum p* = (£, p) is:

'—p+ (W‘p —E), B.8
pl=p x5 (B.8)
E' =~(FE —v.p). (B.9)
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According to Ref. [12], the momentum and energy are related to the velocity and Lorentz
factor is:

|Y
= = B.10
\4 E’ ( )
E
= — B.11
V= (B.11)
vy = P (B.12)
m

Numerical simplification require change Eq. (B.8) and Eq. into the matrix form
p' = Lp, which L stand for Lorentz transformation matrix:

V= (U:wvya'uz) ( )
v =2+ U; + 02 ( )
p = (E,ps,py, D-) (B.15)
p/ = (E,7p;:vpgqvplz) ( )

According to Ref. [17]:

E' g Vs —YUy —YVz E

| e LG DE R DT R DR | (B.17)
vy, —yv, (v 14 (y+ 1) (y+ 1) Py

/ V¥ Uy Uz v?2
Pz —yv. (vt DEE (y+ D L+ (1)) P
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VEGAS+, BASES AND FORM

C.0.1 VEGAS+

VEGAS+ is the computing multidimensional integral using the VEGAS+’s algorithm
Ref. [9]. The advantage of VEGAS+ is the function below the integration need not be
analytic or even continue.

From the technical point of view, we first analyze the important parameters when
working on VEGAS+ and how to improve the efficiency of convergence behavior by
controlling them.

For instance, the Python program compute the two-dimensional f(x,y) = xy, with
r =[0,2], y = [0, 3] with VEGAS+.

Listing C.1: Python program define f(x)

import numpy as np
import vegas

#Define f(z) = xzy with z[0] stand for x
#and x[1] stand for vy

def f(x):

para_1 = x[0]

para_2 = x[1]

result = para_lxpara_2
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Listing C.2: Main integration computing f(x)

return result

#Main program of estimating integral

#call vegas and region of the integral. First braket is
#the range of x and second is the range of vy
np.random . seed ([1,2])

iteg = vegas.Integrator ([[0.,2.],][0.,3.]])

#Training
#Step_1 — adapt to f, discard the result
iteg (f,nitn = 5, neval = 1000,alpha = 0.6)

#Calculating

#Step_2 — iteg has adapt to f , keep result
result = iteg(f,nitn = 5, neval = 1000,alpha = 0.4)
print (’Calculating!!! ")

print (result .summary ())

print ('result=%s.; .Q=%.2f_" % (result, result.qQ))

First we defined the integrand f(z,y) = xy in Listing and then create the
integrator in Listing , iteg, which is the integration operator that apply to the
two-dimensional function f(x,y). Finally, we apply to our integrated f(x), calling the
VEGAS+ to estimate the integral using nint = 10 iterations, each of which uses neval
= 1000 evaluations of the integrand. The line np.random.seed([1,2]) is fixed the random
number generate by VEGAS+ algorithm the value [1,2] is convenient choose for modifying
code or calculating the convergence rate of the phase space mappings not only different
points but also different nitn. The damping parameter alpha = 0.6 in training step and
alpha = 0.4 in integration step (the default value of alpha = 0.5) control the speed with
VEGAS+ adapts. We do the following steps for improving the results of VEGAS+:

1. Setting training integrator and discarding the result from the first run time is a
better efficient way because VEGAS+ can find the early peak and improve the
convergence adaption in the second time.

2. Setting the value of alpha is large (0.5 < alpha < 1.0) in the training step and
the slower alpha’s value (0 < alpha < 0.3) in the integration step, which makes
calculating integral is more efficient.

The result format by follow:
1. The call result.summary() returns a summary of results from each iteration.

2. The result.Q is p-value of the weighted average’s x2,which is the probability that a
larger x? could result from random (Gaussian) fluctuations
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Listing C.3: VEGAS+ result

Calculating !!!

itn integral wgt average chi2 /dof Q
1 8.982(18) 8.982(18) 0.00 1.00

2 8.994(18) 8.988(12) 0.22 0.64

3 8.971(18) 8.982(10) 0.43 0.65

4 9.018(14) 8.9947(82) 1.76 0.15

5 9.006(13) 8.9978(70) 1.45 0.21

result =8.9978(70) : Q=0.21

The first column represent the number of iterations, the next is the value of integrad
obtained by VEGAS+. The weight average (wgt average ) K minimizes:

XP=chi2=>_ (Ki— K) (C.1)

2
Where K; + ¢; are the result from individual iterations. If the K; is Gaussian, x2 should
be of the order of degree of freedom (The common choice is chi2/dof < 1.0). and @ choose
in the range [0.2,0.9] (when any iteration has 0.0 < @ < 0.1 we have to discard the result

and reduce the value of alpha).

C.0.2 BASES

Similar to VEGAS+, BASES is also the multidimensional integral [8] but it is written
in FORTRAN language (VEGAS+ is in Python). In the early procedure, BASES do
the step ”Gird Optimize” that find the high probability distribution of the integration
function f(x), then adapt the grid to estimate integration.

Listing C.4: Fortran code in 2-dimensional integration

IDefine the function f(z,y) = x+y

real*8 Function f(x)

Implicit none

Integer , PARAMEIFR:: dim = 50 ! Maximum wvariables using in BASES
real*8 x(dim)

real *8 xmax, xmin, ymax, ymin, jaco, x1, x2

Izl stand for z, x2 stand for vy

xmax = 2d0
xmin = 0d0
ymax = 3d0
ymin = 0d0

! Change z integral in range [0,2] to [0,1]
land y in range [0,3] to [0,1]
x]l = xmin 4+ (xmax — xmin)x*x(1)
x2 = ymin + (ymax — ymin)x*x(2)

!Jacobian
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jaco = (xmax — xmin)*(ymax — ymin)
f = jacoxx1lx*xx2

End Function f
! Main program calculating integral

Program main

Implicit none

! Block subroutine and parameters using in BASES
Integer NDIMEN, NWILD

Integer«8 NCALL

Integer PARAMEIFR:: MXDIM = 50

Integer IG(MXDIM) ,ITMXI1,ITMX2

real*8 XL(MXDIM) ,XU(MXDIM)
real*8 ACC1,ACC2,CTIME
Integer IT1, IT2

Integer ISEED FLAG, ISEED_IN
Integer i

! common blocks are used to pass information to BASES
COMIVIN /BPARMO/ ISEED FLAG, ISEED_IN

COVIVIN /BPARM1/ XL, XU,NDIMEN,NWILD, IG ,NCALL

COVIVIDN /BPARM2/ ACC1,ACC2,ITMX1,ITMX2

real*8 f
external f

real*8 result  error
Printx, ”"Hello_.World_!!!”

! pass random—number seed to BASES

ISEED_ FLAG =1 ! choose 1 to change the default

! Seed wvalue, else otherwise

ISEEDIN =1 [ choose an integral number for seed
Printx ,”ISEED_IN_=" | ISEED_IN

/|===> Initialization of BASES by calling BSINIT

CALL BSINIT

NDIMEN= 2 ! Numer of wvariables

NWILD = 2 ! Numer of wvariables are hard to integrate

NCALL = 1000 ! Number of evaluation points

ITMX1 = 10 ! number of iterations for finding the grid

ACCl1 = 2D-3 ! FEzpectation relative error in “Grid Optimization”
ITMX2 = 10 I number of iterations for ”"Final Integration step”
ACC2 = 1D—4 ! Ezpectation relative error in the Integration step
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! Ranges for gemnerating random numbers:
do i = 1, NDIMEN

XL(i)= 0DO0
XU(i)= 1DO0
end do

I'l[Initialization of Histograms
! Nbin = 50 ! mazimally 50 bins

! Call bases and calculating integral
call BASES(f, result, error, CTIME, IT1, IT2)

Printx,”result .=", result
Printx,” error__.=", error

End Program main

The final result by BASES is:
Listing C.5: BASES result

Convergency Behavior for the Integration Step
IT Eff R.Neg  Estimate Acc % Estimate(+— Error )order Acc %

1 100 0.00 9.006E+00 0.378 9.005559(+ —0.034033)E 00 0.378
2 100 0.00 9.023E4+00 0.394 9.013977(+—0.024581)E 00 0.273
3 100 0.00 8.992E4+00 0.347 9.005599(+—0.019313)E 00 0.214
4 100 0.00 9.037E+00 0.421 9.012053(+—0.017221)E 00 0.191
5 100 0.00 8.989E+4+00 0.327 9.006052(+—0.014857)E 00 0.165
result = 9.0060516298778683

error = 1.4856700592820505E-002

The first column is the number of iteration. The Efficient (Eff) of an algorithm is the
percent of the certain points in the evaluation points for each iterations. The integral
result in a specific step in Estimate. The first Acc % represents the absolute error from
iteration to iteration or the variation of the present iteration to the next iteration. The
last Acc % is the relative error of individual steps of integrated computing.

The last Appendix is the Form code to calculate the amplitude squared of the
bremsstrahlung scattering.
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C.0.3 FORM

KK KK ok oK koK kK KK K K K KK KK K R K K kK kK KK K K K KK K K
*Variables use in program oKk
ok ok ok ok ok ok ok ok K kK kKR K K oK R ok R ok Kk Kk Kk KOk KK KOk K K
cfunction Ub,Vb,m,eps,dotp;

function U,V;

funpowers allfunpowers;

autodeclare vector p,h,k,q;
autodeclare symbol d;

index i,j,al,be,ga,mu,nu,rho,sig;
symbol mm, me, mm2, mm4, me2, me4;
symbol Facl, 6 Fac2, Fac3 , Facd ;

>k 3k 3k ok kosk skosk sk ok sk skosk kR sk skok sk sk skosk kR sk sk sk sk sk Skosk sk ok sk skosk sk sk skosk sk sk sk skosk sk sk sk skosk sk sk skosk sk ok sk skok ok ok sk

* *
xprocess e (pl) + muon (p2) > e (p3) + muon (p4) + gamma (k) x
* *

S 3 kK oK R KK KK K R K KK KR K KR SR R K KK KR SO KK R R S KK R R Sk K KRR R SR KK KR R R KK KK
«Facl = e¢"3/((p3 + k)2 — me"2)x(p2 — pd)"2)
xFac2 = e¢"3/((pl — k)2 — me"2)x(p2 — pd)"2)
xFac3 = e 3/((p4 + k)"2 —mm”2)*x(pl — p3)"2)
xFacd = e"3/((p2 — k)2 —mm"2)x(pl — p3)"2)

ok o o K K KKKk ok ok R R ok o R K KKKk ok ok R R R o R KK KKK K R R R R o R R K K
gamma (k)
*
*
*
e(pL) sk >k > sorokkkokorokokk S korkokokkk e (p3)
*
*
*

O S SR S O R S
I S S G R S

MUON (P2)  sokskokkskok S skoksokofokoskok otk ok > sokskokkookk muon (pd )
* *

S o o o 3 KKK KKK R K K R K R o Sk KKK KKK K R R R R o o Sk KKK KKK K K R K R o K K
local [Ml] = Fac2xUb(1,p3)xg_(1,be)x(g_(1,pl) — g_(1,k) + me)x
g-(1,al)*U(1,pl)*Ub(2,p4)xg_(2,be)xU(2,p2);
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>k 3k >k 3k ok 3k ok sk sk sk sk skokosk sk ok ok ok sk ok Sk sk sk sk skosk skosk sk sk ok Sk sk sk sk sk sk skoskosk ok sk ok sk ok skok sk skok ok sk sk ok ok sk

* gamma (k) *
* * *
* * *
* * *
* e (P1) ssksrskoroksnok ook ok dok ok >0k k0k Sk sk xkkk e (p3) *
* * *
* * *
* * *
* MUON (P2 ) ksksokkk S okokokkokok ok ok sk kkokx S kokkokkkok % muon (p4) *
* *

sk sk sk sk sk sk sk sk ok ok ok ok ok ok kKK KRR R R ok sk sk sk sk sk sk sk ok sk sk sk ok ok ok ok ok ok kK K KK R R R ok ok sk sk ok ok ok ok ok ok
local [M2] = Facl«Ub(1,p3)xg_(1,al)x(g_(1,p3) + g_(1,k) + me)x
5 (1. be)#U(1,pl)«Ub(2,pd)rg. (2. he)<U(2.p2):

>k 3k >k 3k >k 3k ok 3k ok sk sk ke sk ok ok ok sk 3k ok 3k ok sk sk sk sk ok sk ok ok 3k sk sk sk sk sk sk skok sk sk ok ok ok sk ok sk skok sk ok kok ok

e (PLl) swskokokkx > korokokokkstokok ok skokokk >okokkskokkk e (p3)
*
*
*
*
MUON ( P2)  skskokotokok > skokskok > sokskoksordorkox >skopkorkokk . muon ( pé)
*
*

* XK X X X X K K K KX

x

* gamma (k)
k3K skosk sk sk osk kR skosk kR skeosk ks sk skosk skeosk sk sk skoskok skosk kR skosk skoskosksk ks sk kR skosk skoskoskosk sk sk sk sk ok sk kok
local [M3]= FacdxUb(2,p4)xg_(2,be)*(g-(2,p2) — g-(2,k) + mm)=
g_(2,al)*U(2,p2)*xUb(1,p3)xg_(1,be)xU(1,pl);

* XK X X K K K K X X X

>k 3k >k 3k ok 3k ok 3k ok sk sk sk ok sk ok ok 3k sk 3k ok Sk sk sk sk sk sk sk ok sk ok ok Sk ok Sk sk sk sk sk skok ok ok ok ok ok sk k sk skok skook kok ok

* *
* e (PL) sokssrokonsk >kl sokokkok ook Skokkokxokx e (p3) *
* * *
* * *
* * *
k MUON (P2) skokskokskokk > okokkokkokok Rk >Rk Sokokkorkox muon (pd) *
* * *
* * *
* * *
% gamma (k) %

s 3 KK K KK KK R R K KK K R K KK SR R K KK K R K KK K R S KK SR R SO KK SR R S KK K ok
local [M4] = Fac3xUb(2,p4)xg_(2,al)x(g-(2,p4) + g-(2,k) + mm)x
8- (2, be)*U(2,p2)+Ub(1,p3)xg. (1, be)<U(1pl )"

local [Mlx]= Fac2xUb(1,pl)*xg_(1 ,mu)*(g_(1,pl) — g_(1,k) + me)x
g-(1,nu)*U(1,p3)+Ub(2,p2)*g_(2,nu)*U(2,p4);
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local [M2x] = Facl*Ub(1,pl)xg_(1,nu)*(g_(1,p3) + g_(1,k) + me)=x
g (1,mu)xU(1,p3)Ub(2,p2)x g (2,mu)+U(2,pd);

local [M3x] = FacdxUb(2,p2)xg_(2,mu)*(g_(2,p2) — g-(2,k) + mm)=x
g-(2,nu)*U(2,p4)+Ub(1,pl)*g_(1,nu)*U(1,p3);

local [M4x] = Fac3xUb(2,p2)xg_(2,nu)*(g_(2,p4) + g-(2,k) + mm)=x*
g-(2,mu)*U(2,p4)*Ub(1,pl)xg_(1,nu)*xU(1,p3);

xprint ;
.sort

sk K o KKK K KKK K KKK R KKK R KKK R KKK R KKK R KKK R KK R KK K
xSum over polarization vector is —d_(al ,mu)*xx

Sk K KKK K KKK K KKK R KK R KK K KKK R KK R KKK R KK R KK K

local amps = —([M1]+[M2]+ [M3]+[M4] ) * ([ MLs*]+ [M2x]+ [M3x*] + [Mdx*] ) *
d_(al ;mu);

KKk sk ok kosk sk sk sk ok skosk sk sk sk sk ok skosk sk sk sk sk ok sk sk ok ok sk sk ok sk sk ok
x*Dirac equation in momentum space sxx
K3k skosk ok skosk skoskoskoskosk skeosk ks sk skoskoskeosk sk sk sk sk sk skosk sk ke sk sk ok sk sk ok
id U(1,h?)*Ub(1,h?) = g_(1,h) 4+ mexgi_ (1)
id U(2,h?)xUb(2,h?) = g_(2,h) + mmxgi_(2);

>k 3k >k 3k ok 3k sk sk ok sk ok ok sk ok Sk ok sk sk sk ok ok ok ok ok ko sk ok ok sk ok ok sk ok

xTrace Calculating * ok %
sk ok ok K oKk oK ok K Kk oKk K KK oKk ok ok K Kk K ok K KOk Kk K Kk K ok
Trace4 ,1;

Trace4 ,2;

.sort

st ok ok ok K oKk ok ok K Kk oKk K KK oKk ok ok K Kk K ok K KOk Kk K Kk K ok
*On—shell condition *ok K
S KK K K KK KK KK KK K KR KR K K K K KK K K kK K KK Kk K
id pl.pl = me2;

id p2.p2 = mm2;

id p3.p3 = me2;

id p4.p4 = mm2;

id k.k = 0;

*print amps;

.sort

repeat ;

id k = pl + p2 — p3 — p4;
id pl.pl = me2;

id p2.p2 = mm2;
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id p3.p3 = me2;
id p4.p4 = mm2;
endrepeat ;
.sort

KK sk osk ok skosk sk sk sk kR skosk ks skosk ok skosk sk sk sk sk ok skosk ok ok sk sk ok sk sk ok
xChange to convenient variables  skxx
sk ok ok K kKK kK R KO kKK KK K KK K KK R KK K ok K kKR KK Ok

id mm"4 = mm4;
id me"4 = me4;
id me"2 = me2;

id mm"2 = mm2;
id me2"2 = me4;

id mm2°2 = mmd4;
id pl.p2 = d12;
id p2.pl = d12;
id pl.p3 = d13;
id p3.pl = d13;
id pl.p4 = d14;
id pd4.pl = d14;
id p2.p3 = d23;
id p3.p2 = d23;
id p2.p4 = d24;

id p4.p2 = d24;
id p3.p4 = d34;
id p4.p3 = d34;
format doublefortran;

stk ok ok ok o ok ok o sk ok ok ok sk ok ok ok ok sk ok ok ok ok sk ok ok ok ko %
x*Print result and format to fortransx
st ok sk ok sk sk ok ok ok sk ok sk ok ok sk ok sk ok sk ok sk sk ook sk ok ok sk ok ok sk ok ok
print amps;

.end

40



1]
2]

[3]

[10]

[11]

[12]

[13]
[14]

BIBLIOGRAPHY

U. Marconi, The MUonE experiment, EPJ Web Conf. 212 (2019) 01003.

MUONE collaboration, G. Abbiendi, Measurement of the leading hadronic
contribution to the muon g-2 via space-like data, PoS EPS-HEP2017 (2017) 358.

MUON G-2 collaboration, J. Grange et al., Muon (g-2) Technical Design Report,
1501.06858.

J-PARC G-2 collaboration, T. Mibe, Measurement of muon g-2 and EDM with an
ultra-cold muon beam at J-PARC, Nucl. Phys. B Proc. Suppl. 218 (2011) 242.

E34 collaboration, Y. Sato, Muon g-2/EDM experiment at J-PARC, |PoS
KMI2017 (2017) 006.

Le Duc Truyen, Electron muon elastic scattering in one-loop QED with soft-photon
corrections, Bachelor thesis (2020), http://ifirse.icise.vn/wp-content/
uploads/2020/09/LeDucTruyen_bachelor_2020.pdf

M. Alacevich, C. M. Carloni Calame, M. Chiesa, G. Montagna, O. Nicrosini and
F. Piccinini, Muon-electron scattering at NLO, JHEP 02 (2019) 155/ [1811.06743].

S. Kawabata, A New version of the multidimensional integration and event
generation package BASES/SPRING, |Comput. Phys. Commun. 88 (1995) 309.

G. P. Lepage, Adaptive multidimensional integration: VEGAS enhanced, |J.
Comput. Phys. 439 (2021) 110386/ [2009.05112].

G. P. Lepage, “Adaptive multidimensional monte carlo integration.”
https://github.com/gplepage/vegas, 2021.

M. E. Peskin and D. V. Schroeder, An Introduction to quantum field theory.
Addison-Wesley, Reading, USA, 1995.

E. Byckling and K. Kajantie, Particle Kinematics. University of Jyvaskyla,
Jyvaskyla, Finland, 1971.

B. Ruijl, T. Ueda and J. Vermaseren, FORM version 4.2, 1707 .06453.

T. Hahn and M. Perez-Victoria, Automatized one loop calculations in
four-dimensions and D-dimensions, Comput. Phys. Commun. 118 (1999) 153
[hep-ph/9807565).

41


https://doi.org/10.1051/epjconf/201921201003
https://doi.org/10.22323/1.314.0358
https://arxiv.org/abs/1501.06858
https://doi.org/10.1016/j.nuclphysbps.2011.06.039
https://doi.org/10.22323/1.294.0006
https://doi.org/10.22323/1.294.0006
http://ifirse.icise.vn/wp-content/uploads/2020/09/LeDucTruyen_bachelor_2020.pdf
http://ifirse.icise.vn/wp-content/uploads/2020/09/LeDucTruyen_bachelor_2020.pdf
https://doi.org/10.1007/JHEP02(2019)155
https://arxiv.org/abs/1811.06743
https://doi.org/10.1016/0010-4655(95)00028-E
https://doi.org/10.1016/j.jcp.2021.110386
https://doi.org/10.1016/j.jcp.2021.110386
https://arxiv.org/abs/2009.05112
https://github.com/gplepage/vegas
https://arxiv.org/abs/1707.06453
https://doi.org/10.1016/S0010-4655(98)00173-8
https://arxiv.org/abs/hep-ph/9807565

BIBLIOGRAPHY 42

[15] T. Hahn, Generating Feynman diagrams and amplitudes with FeynArts 3, Comput.
Phys. Commaun. 140 (2001) 418 [hep-ph/0012260].

[16] A. Lahiri and P. B. Pal, A First Book of Quantum Field Theory. 2005.

[17] W. H. Furry, Lorentz transformation and the thomas precession, American Journal
of Physics 23 (1955) 517 [https://doi.org/10.1119/1.1934085].


https://doi.org/10.1016/S0010-4655(01)00290-9
https://doi.org/10.1016/S0010-4655(01)00290-9
https://arxiv.org/abs/hep-ph/0012260
https://doi.org/10.1119/1.1934085
https://doi.org/10.1119/1.1934085
https://arxiv.org/abs/https://doi.org/10.1119/1.1934085

	Acknowledgements
	Abstract
	Introduction
	Contents
	List of Figures
	List of Tables
	An overview of QED
	The Lagrangian of QED
	Feynman rules in QED
	External line
	Interaction Vertex
	Propagator


	Phase space of N particle scattering
	Two-particle final states
	Decay process
	Two-particle scattering

	Three-particle final states
	Total cross-section
	Generating set of momentum 

	Bremsstrahlung process e e in QED
	Feynman Amplitude
	Phase space mappings in the numerical integration
	Mapping (45)3
	Mapping (35)4
	Mapping (34)5

	Numerical Results
	Data set
	Pre-Calculating
	Main result


	Conclusion and Outlook
	Appendices
	Wick theorem
	Wick theorem
	Third-order of S-matrix


	Lorentz Transformation
	VEGAS+, BASES and FORM
	VEGAS+
	BASES
	FORM


	Bibliography

