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Introduction
In particle physics, quantumelectrodynamics (QED) is the relativistic quantumfield theory of electrodynamics.
In essence, it describes how light and matter interact and is the first theory where a combination of quantum
mechanics and special relativity is achieved. QEDmathematically describes all phenomena involving electrically
charged particles interacting by means of exchange of photons.

Recently, the new experiment MUonE has been proposed [1] to measure precisely the running of the fine-
structure constant at space-like momenta via the electron-muon elastic scattering. In this experiment, a high-
energymuon beam scatters on atomic electrons of low-Z target. Themotivation is to resolve the current 3-sigma
anomaly on the muon (g-2) measurement. For theMUonEmeasurement we have to calculate the cross section
of electron-muon elastic scattering very precisely, at the level of 10 ppm relative accuracy [2]. At this level of
accuracy, the electron mass has to be kept.

To achieve this, we first attempt to calculate the cross section of electron-muon elastic scattering in QED at
next-to-leading order with the soft-photon emission. At the next-to-leading order (NLO) level, we have to solve
the problems of UV and IR divergences. These topics will be discussed in this thesis.

In this report, we present the main contents into the following sections :
Section Quantum electrodynamics: Introduction of Quantum Electrodynamics and some concepts, formu-
las, which we will use in this thesis.
Section Leading order results: In this section, we work in the lowest order scattering and evaluate some nu-
merical results. The t-channel divergence will be shown here.
Section Next-to-leading order calculation: In this section, we do calculation in next-to-leading order and
present all analytical results and some cross-checked numerical results.
Section UV-divergence cancellation: We will discuss the UV divergences in this section and show how they
are cancelled out analytically.
Section IR-divergence cancellation: Discussing the IR divergences and showing how they are cancelled out
analytically.
Section Conclusion andOutlook: We present our conclusion and outlook.

Finally, in the appendices we show a second method to obtain the amplitude expressions using the Wick’s
theorem at NLO level. We also provide all necessary mathematics and one-loop integrals.
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1
Quantum electrodynamics
1.1 An overview of QED

Under the electromagnetic gauge U(1) symmetry, we obtain the invariant Lagrangian describing an inter-
action of a vector field (the photon) with the spinor fields :

LQED = ψ̄
(
iγμDμ − m

)
ψ − 1

4
FμνFμν

= ψ̄
(
iγμ∂μ − m

)
ψ − 1

4
FμνFμν − eψ̄γμψAμ,

(1.1.1)

with Dμ = ∂μ + ieAμ

Fμν = ∂μAν − ∂νAμ
. (1.1.2)

The above Lagrangian can be split into three individual parts :

• The free Dirac term :
LD = ψ̄

(
iγμ∂μ − m

)
ψ. (1.1.3)

This term is a dynamical term describing free fermion particles, like electron, muon, tau, quarks etc.

• The free electromagnetic term :

LE = −1
4
FμνFμν. (1.1.4)

Where Fμν = ∂μAν − ∂νAμ is electromagnetic tensor in classical electrodynamics with Aμ is the photon
field obeying Maxwell’s equation.

• The interaction term :
Lint = −eψ̄γμψAμ, (1.1.5)

representing the fundamental interaction between matter particles and the photon.

1.2 Feynman rules

Feynman diagram is a pictorial representation of the mathematical expressions describing the behavior and
interaction of subatomic particles. The method is named after American physicist Richard Feynman, who in-

2



1.2 Feynman rules 1 QUANTUMELECTRODYNAMICS


troduced the diagrams in 1948 [3]. Feynman rules allow us to graphically represent the terms in the Wick’s
expansion of the perturbative S-matrix to directly derive scattering amplitude. In the following sections, we will
use the below Feynman rules to obtain the amplitudes expressions. We have also used theWick’s theorem to get
the amplitudes directly and checked that both methods give the same results. We refer the reader to Appendix
A for the Wick’s theorem method.

FeynmanRules for QED [4]

1. For each vertex, include a factor : −ieγμ

2. For each internal photon line, include a factor : iDF
μν = −igμν

k2+iε

3. For each internal fermion line, write a factor : iSF = i /p+m
p2−m2+iε

4. For each external line, write one of the following spinor factors, where p and k indicate basis states of
correspongding 3-momenta

• For each initial particle : ur(p)

• For each final particle : ūr(p)

• For each initial anti-particle : v̄r(p)

• For each final anti-particle : vr(p)

• For each initial photon : εrμ(k)

• For each final photon : εrμ(k)

5. The spinor factors (γmatrices, SF fuctions, spinors) for each fermion line are ordered so that, reading from
right to left, they appear in the same sequence as following the fermion line in the direction of its arrows
through the vertex.

6. The four-momentum at each vertex are conserved

7. For each closed loop of internal fermions only (without photons inside the loop itself), take the trace
(in spinor space) of the resulting matrix and multiply by a factor of (−1) originated from Fermi-Dirac
distribution.

8. For each four-momentum qwhich is not fixed by four-momentum conservation, carry out the integration
1

(2π)4
∫
d4q. One such integration for each closed loop (fermion/fermion or fermion/photon loop).

3



1.3 LSZ formula 1 QUANTUMELECTRODYNAMICS


1.3 LSZ formula

Figure 1: Four-point correlation function

In general, the scattering amplitude at any order in the perturbative expansion can be defined using the
Lehmann-Symanzik-Zimmermann (LSZ) formula as [5] :

iMtotal =
∏

i=p1,p2,k1,k2

√
Z̃iiMamputated. (1.3.1)

where the LSZ factors
√
Z̃i are related to quantum corrections to the external legs. At leading order (LO) we

have
√
Z̃i = 1. At NLO we have :

Z̃p = 1 −
dΣ̂ff(/p)
d/p

|/p=mμ , (1.3.2)

where Σ̂
ff(/p) is the renormalized one-loop self-energy correction of a fermion. A detailed calculation of this

√
Z̃i

factors is provide in Section 3.2.

4



2
Leading order results

In this thesis, we are going to calculate the scattering process e−μ− → e−μ−. First of all, let’s start at the
leading order.

The QED Lagrangian for e−μ− → e−μ− scattering process :

L = ψ̄e (iγνDν − me) ψe + ψ̄μ

(
iγνDν − mμ

)
ψμ − 1

4
FμνFμν

= ψ̄e (iγν∂ν − me) ψe + ψ̄μ

(
iγν∂ν − mμ

)
ψμ − 1

4
FμνFμν − eψ̄eγ

νψeAν − eψ̄μγ
νψμAν.

(2.0.1)

From this Lagrangian Eq.(2.0.1), we use the Feynman rules to obtain the diagram in Fig (2) :

Figure 2: Feynman diagram for e−μ− elastic scattering at leading order

Basing on this diagram, we derive the scattering amplitude at LO :

iMLO = ūre(k′)(−ieγα)ur′e (k)
(

−igαβ
q2

)
ūsμ(p′)(−ieγβ)us′μ (p) = ie2

q2
ūre(k′)γαur′e (k)ūsμ(p′)γαu

s′
μ (p), (2.0.2)

with q = p − p′ → q2 = 2(m2
μ − p.p′). We note that the same result is obtained using Wick’s theorem, see Eq.

(A.2.15). Finally we get the averaged squared amplitude :

5
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|M̄|2LO = 1
4
e4

q4
Tr
[
(/k′ + me)γα(/k + me)γβ

]
Tr
[
(/p′ + mμ)γα(/p + mμ)γβ)

]
= e4

4q4
[
Tr(/k′γα/kγβ) + m2

eTr(γαγβ)
] [
Tr(/p′γα/pγβ) + m2

μTr(γαγβ)
]

= e4

4q4
[
Tr(/k′γα/kγβ)Tr(/p′γα/pγβ) + m2

μTr(γαγβ)Tr(/k
′γα/kγβ) + m2

eTr(γαγβ)Tr(/p′γα/pγβ) + 64m2
em

2
μ

]
(2.0.3)

⇒ |M̄|2LO = 8e4

q4
[
(p′.k′p.k + p′.kp.k′) − m2

μk.k
′ − m2

ep.p
′ + 2m2

em
2
μ

]
. (2.0.4)

We use the Lorentz-invariant Mandelstam variables :

s = (p + k)2 → s = m2
μ + m2

e + 2p.k = m2
e + m2

μ + 2p′.k′ (2.0.5)

u = (p − k′)2 → u = m2
μ + m2

e − 2p.k′ = m2
μ + m2

e − 2k.p′ (2.0.6)

t = (p − p′)2 → t = 2(m2
μ − p.p′) = 2(m2

e − k′.k) = q2, (2.0.7)

to rewrite the averaged squared matrix :

|M̄|2LO = 8e4

t2

 s2
4

+ u2

4
+ (m2

μ + m2
e )t −

(
m2

μ + m2
e

)2
2

 . (2.0.8)

We obtain the differential cross section in Center of Mass frame (CMF) (see [5] for the definition of the cross
section) :

⇒
(
dσ
dΩ

)
LO

= |M|2LO
64π2s

= 2α2

t2s

 s2
4

+ u2

4
+ (m2

μ + m2
e )t −

(
m2

μ + m2
e

)2
2

 . (2.0.9)

The CMF is shown in Fig. (3).
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Figure 3: e−μ− → e−μ− scattering in Center of Mass Frame

t = −2|⃗p|2 (1 − cos θ) , (2.0.10)

u = 2
(
m2

μ + m2
e

)
− s + 2|⃗p|2 (1 − cos θ) (2.0.11)

|⃗p|2 =

[
m2

e + m2
μ − 1

2

(
(m2

e−m2
μ)2

s + s
)]

−2
(2.0.12)

with |⃗p| is the momentum in CMF. We also have :

⇒ dσ
d cos θ

= 4π
α2

t2s

 s2
4

+ u2

4
+ (m2

μ + m2
e )t −

(
m2

μ + m2
e

)2
2

 , (2.0.13)

or :
dσ
dt

= 4π
1

2|⃗p|2
α2

t2s

 s2
4

+ u2

4
+ (m2

μ + m2
e )t −

(
m2

μ + m2
e

)2
2

 . (2.0.14)

For the numerical calculation, the input parameters are set to, the same as in [6] :

α ≡ α(0) = 1/137.03599907430637, me = 0.510998928MeV,

mμ = 105.6583715MeV,
√
s = 0.405541158GeV.

(2.0.15)

The
√
s value above is the colliding energy in the CMF of the MUonE experiment. We get the plots of both

differential cross sections in Fig (4) .
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2 LEADINGORDER RESULTS


(a) dσ
d cos θ (cos θ) (b) dσ

dt (t)

Figure 4: Differential cross section distributions in CMF

We also provide a table of the differential cross section at different values of cos θ and t in Tab. (1-2) :

μ−e− → μ−e−

cos θ
dσ

d cos θ (cos θ) [μb]
me ̸= 0 me = 0

-1 0.3960810768531 0.3960806244802
-0.5 0.8012992639148 0.8012968782068
0 2.2195626924442 2.2195537662498
0.5 11.336969413281 11.336919475097

0.9602 2256.8970604919 2256.8871114676

Table 1: Differential cross section at different values of cos θ (in the CMF)

μ−e− → μ−e−

t[GeV2]
dσ
dt (t) [μb/GeV2]

me ̸= 0 me = 0

-0.14 5.8129190296129 5.8129416310709
-0.11 10.500804086884 10.500836463598

−8.6 × 10−2 19.570795327441 19.570838963674
−4.4 × 10−2 98.689601365371 98.689674694482
−2.12 × 10−2 671.308540450954 671.307895469414

Table 2: Differential cross section at different values of t

8
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Forme = 0 case, we get rid of allme in Eq. (2.0.13-2.0.14) and :

t = −2|⃗p|2 (1 − cos θ) , (2.0.16)

u = 2m2
μ − s + 2|⃗p|2 (1 − cos θ) (2.0.17)

|⃗p|2 =

[
m2

μ − 1
2

(
m4
μ
s + s

)]
−2

. (2.0.18)

Thedifferential cross section at t = 0or cos θ = 1, whichmeans our scattering event occurs at zero angles(or
equivalent to has no photon exchange at tree level) is divergent. The essence of this singularity is due to the long-
range of the electromagnetic interaction.

For theMuonE experiment, we have the scattering of high-energymuons on electrons at rest. The energy of
the incoming muon, we require EBeam

μ = Eμ = 150 GeV corresponding to
√
s ≃ 0.405541 GeV. In Lab frame

(where the inital electron is at rest), we request : θe, θμ < 100mrad and Ee > 0.2GeV for the final particles [6].
The angular cuts model the typical acceptance conditions of the experiment and the electron energy threshold
is imposed to guarantee the presence of two charged tracks in the detector [6].
Using the Lorentz boost, we transform the momenta in CMF to Lab frame. The Lorentz boost matrix :

Λ =


γ 0 0 β
0 1 0 0
0 0 1 0
β 0 0 γ

 =



Eμ+me√
s 0 0

√
E2μ−m2

μ
s

0 1 0 0
0 0 1 0√
E2μ−m2

μ
s 0 0 Eμ+me√

s


, (2.0.19)

We obtain the analytical formula for the differential cross section with constraints in the Lab frame :

dσ
d cos θ

=Θ [cos θe − cos 0.1]Θ
[
cos θμ − cos 0.1

]
Θ [Ee − 0.2]

× 4π
α2

t2s

 s2
4

+ u2

4
+ (m2

μ + m2
e )t −

(
m2

μ + m2
e

)2
2

 ,
(2.0.20)

where cos θe, cos θμ and Ee are functions of cos θ. Note that cos θ is defined in the CMF.

μ−e− → μ−e−

Cross section Analytical result using Mathematica Monte-Carlo simulation [6]

σQEDLO (me ̸= 0) 1265.0603541 1265.060312(7)
σQEDLO (me = 0) 1264.9381128 (-)

Table 3: Leading order cross section for MuonE experiment.

Using the above MuonE experiment setup, we can now compare our analytical result with the numerical

9



2 LEADINGORDER RESULTS


simulation of [6]. This is shown in Tab. (3). Although the agreement is better than the 10ppm accuracy level,
wenotice adifference at the level of 6 standarddeviations. InTab. (3), we see that the result for the caseofme = 0
agrees with the exact result at the level of 4 digits, not enough for the accuracy of the MuonE experiment.
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3
Next-to-leading order calculation

To increase our precision, we have to include higher order corrections. In practice, this approach is very
important, because the tree-level results are often not good enough to compare to experiment measurements.
In this section, we are going to use the following notations for N-point functions of loop integral results :

Notations [7]

16π2

i

∫ d4q
(2π)4

... → (2πμ)4−D

iπ2
∫
dDq... = ⟨| ... |⟩q (3.0.1)

A0(m) = ⟨|
(
q2 − m2 + iε

)−1
|⟩q (3.0.2)

B0(p,m0,m1) = ⟨|
[
(q2 − m2

0 + iε)
(
(q + p)2 − m2

1 + iε
)]−1

|⟩q (3.0.3)

Bμ(p,m0,m1) = ⟨| qμ
[
(q2 − m2

0 + iε)
(
(q + p)2 − m2

1 + iε
)]−1

|⟩q (3.0.4)

Bμν(p,m0,m1) = ⟨| qμqν
[
(q2 − m2

0 + iε)
(
(q + p)2 − m2

1 + iε
)]−1

|⟩q (3.0.5)

C0(p, p′,m0,m1,m2) = ⟨|
[
(q2 − m2

0 + iε)
(
(q + p)2 − m2

1 + iε
) (

(q + p′)2 − m2
2 + iε

)]−1
|⟩q (3.0.6)

Cμ(p, p′,m0,m1,m2) = ⟨| qμ
[
(q2 − m2

0 + iε)
(
(q + p)2 − m2

1 + iε
) (

(q + p′)2 − m2
2 + iε

)]−1
|⟩q (3.0.7)

Cμν(p, p′,m0,m1,m2) = ⟨| qμqν
[
(q2 − m2

0 + iε)
(
(q + p)2 − m2

1 + iε
) (

(q + p′)2 − m2
2 + iε

)]−1
|⟩q (3.0.8)

D0(p, p1, p2,m0,m1,m2,m3) = ⟨|
[
(q2 − m2

0 + iε)
(
(q + p)2 − m2

1 + iε
) (

(q + p1)2 − m2
2 + iε

)
(3.0.9)(

(q + p2)2 − m2
3 + iε

)]−1
|⟩q

Dμ(p, p1, p2,m0,m1,m2,m3) = ⟨|qμ
[
(q2 − m2

0 + iε)
(
(q + p)2 − m2

1 + iε
) (

(q + p1)2 − m2
2 + iε

)
(3.0.10)(

(q + p2)2 − m2
3 + iε

)]−1
|⟩q

Dμν(p, p1, p2,m0,m1,m2,m3) = ⟨|qμqν
[
(q2 − m2

0 + iε)
(
(q + p)2 − m2

1 + iε
) (

(q + p1)2 − m2
2 + iε

)
(3.0.11)(

(q + p2)2 − m2
3 + iε

)]−1
|⟩q .
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3.1 Renormalization procedure 3 NEXT-TO-LEADINGORDER CALCULATION


3.1 Renormalization procedure

In this thesis, we would like to do the calculation at next-to-leading order. This requires us to calculate the
one-loop amplitudes. At one-loop level, we will however meet some interesting problems of one-loop integrals
with UV and IR-divergence. To resolve the UV-singularities, we have to use an extra procedure, the Renormal-
ization method. The renormalization is actually a collection of techniques in QFT, it is going to introduce some
new terms which will cancel the above UV-singularities in the loop integrals. To do that, first of all, we must
renormalize the QED Lagrangian.

1. The Renormalized Lagrangian
Replacing the initial quantities or now called the bare quantities X0 → ZXX by renormalized quantities
X with renormalization factor ZX (subscript 0 denotes the bare quantity), this will introduce new terms
(called counterterm) in the Lagrangian. The counterterms are determined through renormalization con-
ditions. These can be chosen arbitrarily, however, since the renormalized parameters (me, mμ, e in this
calculation) are used as the input parameter and are defined by the chosen renormalization conditions,
we have to choose a sets of condions corresponding to the values of me, mμ, and α given in Eq. (2.0.15).
This is called the on-shell renormalization sheme.

L0 = ψ̄0(i/∂ − m0)ψ0 − 1
4
FμνFμν − e0ψ̄0 /Aψ0 → LR = Zψ ψ̄(i/∂ − Zm.m)ψ − 1

4
ZAFμνFμν − ZeZψ

√
ZAeψ̄ /Aψ,

(3.1.1)

with : 

ψ0 =
√
Zψψ =

√
1 + δψψ

Aμ
0 =

√
ZAAμ =

√
1 + δAAμ

m0 = Zm.m = m + δm

e0 = Ze.e = e + δe

, (3.1.2)

where we have expanded perturbatively at one-loop order Zi = 1 + δi(α). The renormalized Lagrangian
reads :

⇒ LR = ψ̄(i/∂ − m)ψ − 1
4
FμνFμν − eψ̄ /Aψ − ψ̄δmψ + δψ ψ̄(i/∂ − m)ψ − 1

4
δAFμνFμν − eψ̄ /Aψ(δe + δψ + 1

2
δA)

= L0
R + Lcounterterm.

(3.1.3)

We have splitted the renormalized Lagrangian LR into the basic Lagrange L0
R and the counterterm La-

grangian Lcounter. The basic L0
R has the same form as L0 but depends on renormalized parameters and

fields instead. The counterterm Lagrange will give new diagrams with some new Feynman rules, which
will contribute to the total amplitude to cancel the UV-singularities.

2. Counterterm Feynman rules :

12
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From Eq. (3.1.3) we derive the new Feynman rules in Fig. (5-6-7)

• Fermion-fermion vertex :
iδψ(/p − m) − iδm, (3.1.4)

Figure 5: Fermion-fermion counterterm vertex

• Fermion-fermion-photon vertex :

− ieγμ(δe + δψ + 1
2
δA), (3.1.5)

Figure 6: Fermion-fermion-photon counterterm vertex

• Photon-photon vertex :
− iδAq2gμν. (3.1.6)

Figure 7: Photon-photon counterterm vertex

3. Renormalization conditions [8]
In order to define the renormalization conditions, we first define the following basic fuctions :

Γ̂
ff(p) = Γff(p) + δΓff(p) = i(/p − m) + iΣff(p) + iδψ(/p − m) − iδm

Γ̂
Aff
μ (p, p′) = ΓAffμ (p, p′) + δΓAffμ (p, p′) = −ieγμ − ieΛμ(p, p′) − ieγμ(δe + δψ + 1

2
δA)

Γ̂
AA
μν (k) = ΓAAμν (k) + δAAμν = −ik2gμν + −iΣAA

μν (k) − ik2gμνδA,

(3.1.7)

where the normalized functions are denoted with a hat, and :

Σff(p) = Σff(/p) = ie2μ4−D
∫ dDq

(2π)D
γν(/p − /q + m)γν

[(p − q)2 − m2] q2
, (3.1.8)

13
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Λμ(p, p′) = −ie2μ4−D
∫ dDq

(2π)D
γα(/p′ + /q + m)γμ(/p + /q + m)γα

q2 [(q + p′)2 − m2] [(q + p)2 − m2]
, (3.1.9)

ΣAA
μν (k) = −ie2μ4−D

∫ dDq
(2π)D

Tr
[
γμ(/q + /k + m)γν(/q + m)

]
(q2 − m) [(q + k)2 − m2]

. (3.1.10)

Note that, we have used dimensional regularization [7] to replace d4q
(2π)4 → μ4−D dDq

(2π)D for the loop inte-
grals. The Lorentz indices of the gamma matrices associated to the integrated momentum qμ have to be
promoted to D-dimension as well. We are now in the position to impose the following conditions on the
functions in Eq. (3.1.7). These conditions require that those renormalized fuctions have a tree-level form
in the on-shell limit (p2 = m2). This is the on-shell renormalization sheme :

• Condition 1 - Dirac equation :
R̃eΓ̂ff(p)u(p)|p2=m2 = 0 (3.1.11)

⇒ δm = R̃eΣff(m) = e2

8π2
[
mB1(m2, 0,m) − mB0(m2, 0,m) + m

2

]
. (3.1.12)

• Condition 2 :

lim
p2→m2

/p + m
p2 − m2 R̃eΓ̂

ff(p)u(p) = iu(p) (3.1.13)

⇒δψ j = −2mjR̃e
∂Σff(p)

∂p2
|/p=mj = −2mj

∂Σff(p)
∂p2

|/p=mj

=
mje2

4π2

−
B1(m2

j , 0,mj)
2mj

−
B0(m2

j , 0,mj)
2mj

− mj
∂B1(p2, 0,mj)

∂p2

∣∣∣∣∣
p2=m2

j

+ mj
∂B0(p2, 0,mj)

∂p2

∣∣∣∣∣
p2=m2

j

+ 1
4mj

 .

(3.1.14)

In the two conditions, the on-shell photon appears, we thus need a photon’s counterterm factor δA
and also the photon’s counterterm diagram.

• Condition 3:

lim
q2→0

1
q2
ReΓ̂AAμν (q)εν(q) = −iεμ(q) (3.1.15)
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⇒ δA = −e2

4π2
∑
j=e,μ

Re
[
−1
9

+ 2
3
m2

j B
′
0(q2,mj,mj)|q2=0 +

B1(0,mj,mj)
3

+
B0(0,mj,mj)

2

]
.

(3.1.16)

• Condition 4 :

ū(p)Γ̂Affμ (p, p)u(p)
∣∣∣∣
p2=m2

= −ieū(p)γμu(p) (3.1.17)

⇒ δe = −1
2
δA. (3.1.18)

We can see that, for example, e0 = e+ δe despite the bare e0 has a non-intuitive value, but essentially, it has
to be a constant, and because δe ≡ δe(q2), the measurable e is thus a function of q2. The renormalization
conditions showus an important consequence that thephysical parameters are not constant, thesedepend
on energy scales. In the on-shell sheme we have δe = δe(q2 = 0), therefore we have to use α = α(0) as an
input parameter.

3.2 Virtual-correction amplitudes

The higher order correction amplitudes are actually the higher order terms in Wick’s expansion of S-matrix.
In this section we use the Feynman rules given in Section 1.3 and Section 3.1 to write down the amplitudes for
the virtual corrections. We have used theWick’s theorem to cross check the results. This method is presented in
Appendix A.3.

The virtual amplitude reads :

iMVirt = iMvp + iMvc + iMbd + iMct, (3.2.1)

where we have classified the corrections into Vacuum polarization (vp), Vertex correction (vc), Box diagrams
(bd), and Counterterm diagrams (ct).

1. Vacuumpolarization
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Figure 8: The Vacuum polarization diagrams

First diagram’s amplitude of Fig. (8):

iM1,vp = ūre(k′)(−ieγρ)ur′e (k)
−igρν
g2

(−e2)
∫ d4n

(2π)4
tr
[
γν(/l + me)γα(/n + me)

]
(n2 − m2

e )(l2 − m2
e )

−igαβ
q2

ūsμ(p′)(−ieγβ)us′μ (p)

= −e4
∫ d4n

(2π)4
ūre(k′)γρur′e (k)

−igρν
g2

tr
[
γν

i
/l − me

γα
i

/n − me

]
−igαβ
q2

ūsμ(p′)γβus′μ (p),

(3.2.2)

with : 
g = k′ − k

l = k′ − k + n

q = k′ − k

. (3.2.3)

Simililarly for the second :

iM2,vp = −e4
∫ d4n

(2π)4
ūre(k′)γρur′e (k)

−igρν
g2

tr
[
γν

i
/l − mμ

γα
i

/n − mμ

]
−igαβ
q2

ūsμ(p′)γβus′μ (p), (3.2.4)

with : 
g = k′ − k

l = k′ − k + n

q = k′ − k

. (3.2.5)

The total Vacuum polarization amplitude reads :

iMvp = iM1,vp + iM2,vp. (3.2.6)

2. Vertex correction
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Figure 9: The Vertex correction diagrams

First diagram’s amplitude of Fig. (9)

iM1,vc = ūre(k′)(−e3)
∫ d4l

(2π)4
gρν

γν(/g + me)γα(/l + me)γρ

n2(g2 − me)(l2 − me)
ur′e (k)

−igαβ
q2

.ūsμ(p′)(−ieγβ)us′μ (p)

= e4
∫ d4l

(2π)4
−gρνgαβ
n2q2

ūre(k′)γν i
/g − me

γα
i

/l − me
γρur′e (k).ūsμ(p′)γβus′μ (p),

(3.2.7)

with : 
n = l − k

g = k′ − k + l

q = k′ − k

. (3.2.8)

Similar for the second :

iM2,vc = e4
∫ d4l

(2π)4
−gβνgαρ
n2q2

ūsμ(p′)γν i
/g − mμ

γα
i

/l − mμ
γβus′μ (p).ūre(k′)γρur′e (k), (3.2.9)

with : 
n = l − p

g = p′ − p + l

q = p′ − p

. (3.2.10)

The total Vertex correction amplitude is :

iMvc = iM1,vc + iM2,vc. (3.2.11)

3. Box diagrams
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Figure 10: The Box diagrams

First diagram’s amplitude of Fig. (10):

iM1,bd =
∫ d4n

(2π)4
ūre(k′)(−ieγρ)

i(/g + me)
g2 − m2

e
(−ieγα)ur′e (k)

−igρν
q2

−igαβ
n2

ūsμ(p′)(−ieγν)
i(/l + mμ)
l2 − m2

μ
(−ieγβ)us′μ (p)

= e4
∫ d4n

(2π)4
−gαβgρν
q2n2

ūre(k′)γρ
i(/g + me)
g2 − m2

e
γαur′e (k)ūsμ(p′)γν

i(/l + mμ)
l2 − m2

μ
γβus′μ (p),

(3.2.12)

with : 
g = k′ − n

q = k′ − k − n = g − k

l = k − k′ + n + p = p − q

. (3.2.13)

Similar for the second :

iM2,bd = e4
∫ d4n

(2π)4
−gανgρβ
q2n2

ūre(k′)γρ
i(/g + me)
g2 − m2

e
γαur′e (k)ūsμ(p′)γν

i(/l + mμ)
l2 − m2

μ
γβus′μ (p), (3.2.14)

with : 
g = k′ − n

q = k − k′ + n = k − g

l = p′ + k′ − k − n = p′ − q

. (3.2.15)

The total Box diagram amplitude reads :

iMbd = iM1,bd + iM2,bd. (3.2.16)

4. Counterterm diagrams
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Thecountertermdiagramsare a consequenceof renormalization,whichareused tocancel theUV-divergent
parts of the other diagrams. From renormalized Lagrangian Eq. (3.1.3), we can obtain the following am-
plitudes :

Figure 11: The Vertex counterterm tree diagrams

iMvct = ie2

q2
ūre(k′)γν(δe+δψe+

1
2
δA)ur′e (k)ūsμ(p′)γνu

s′
μ (p)+ ie2

q2
ūre(k′)γν(δe+δψμ

+1
2
δA)ur′e (k)ūsμ(p′)γνu

s′
μ (p),

(3.2.17)
and :

Figure 12: The Photon counterterm tree diagrams

iMpct = −ie2δA
q2

ūre(k′)γνur′e (k)ūsμ(p′)γνu
s′
μ (p). (3.2.18)
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The total Counterterm diagram amplitude reads :

iMct = iMvct + iMpct. (3.2.19)

We remark that the δA is cancelled out in the sum. This is because there is no external photon in our
process.

5. TherenormalizedLSZ factors : Weare using LSZ reduction to compute amplitude, so that the external-
leg-correction diagramswill be excluded, instead, the LSZ factorsmust be added. Because the LSZ factors
also consist of UV divergent quantities, these factors are renormalized, consequently, these all are equal
to unity after renormalization, in one-loop approximation, the renormalized LSZ factors [5] read :

Figure 13: Renormalized wave function correction diagram

Σ̂
ff(p) = Σ̂

ff(/p) = Σff(/p) + δΣ = Σff(/p) + δψ(/p − m) − δm (3.2.20)

⇒ Z̃p = 1 −
dΣ̂ff(/p)
d/p

|/p=m = 1 −
dΣff(/p)
d/p

|/p=m − δψ = 1 −
dΣff(/p)
d/p

|/p=m + 2m
∂Σff(p)

∂p2
|/p=m

= 1 −
dΣff(d/p)

d/p
|/p=m + ∂Σff(p)

∂p2
2/p∂/p
∂/p

|/p=m = 1 −
dΣff(/p)
d/p

|/p=m + ∂Σff(p)
∂p2

∂p2

∂/p
|/p=m = 1

.

(3.2.21)

3.3 Final NLO analytical results

After deriving the virtual amplitudes, the next step is to re-write these amplitudes in terms of N-point func-
tions. This re-writing makes it easier to calculate the squared amplitude MVirt.M∗

LO using the program FORM
[9].

3.3.1 Full one-loop amplitudes

Vacuumpolarization

iM1,vp = −ie4

q44π2
ūre(k′)γμur′e (k)ūsμ(p′)γνus′μ (p)

{
2Bμν(q,me,me) + qμBν(q,me,me) + qνBμ(q,me,me)

+
[
q2

2
B0(q2,me,me) − A0(me)

]
gμν
}

,

(3.3.1)
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and :

iM2,vp = −ie4

q44π2
ūre(k′)γμur′e (k)ūsμ(p′)γνus′μ (p)

{
2Bμν(q,mμ,mμ) + qμBν(q,mμ,mμ) + qνBμ(q,mμ,mμ)

+
[
q2

2
B0(q2,mμ,mμ) − A0(mμ)

]
gμν
}

.

(3.3.2)

Vertex correction

iM1,vc = ie4

q216π2
ūre(k′)

{
−2γα − 2γμγαγν

[
Cμν(k, k′, 0,me,me) + kμCν(k, k′, 0,me,me) + kνCμ(k, k′, 0,me,me)

+kμkνC0(k, k′, 0,me,me) + qνCμ(k, k′, 0,me,me) + qνkμC0(k, k′, 0,me,me)
]

+ 8me [Cα(k, k′, 0,me,me)

+kαC0(k, k′, 0,me,me)] +4meqαC0(k, k′, 0,me,me) − 2m2
e γ

αC0(k, k′, 0,me,me)
}
ur′e (k)ūsμ(p′)γαu

s′
μ (p),
(3.3.3)

and :

iM2,vc = ie4

q216π2
ūre(k′)γαu

r′
μ (k)ūsμ(p′)

{
−2γα − 2γμγαγν

[
Cμν(p, p′, 0,mμ,mμ) + pμCν(p, p′, 0,mμ,mμ)

+pνCμ(p, p′, 0,mμ,mμ) + pμpνC0(p, p′, 0,mμ,mμ) − qνCμ(p, p′, 0,mμ,mμ) − qνpμC0(p, p′, 0,mμ,mμ)
]

−4mμqαC0(p, p′, 0,mμ,mμ) + 8mμ

[
Cα(p, p′, 0,mμ,mμ) + pαC0(p, p′, 0,mμ,mμ)

]
−2m2

μγ
αC0(p, p′, 0,mμ,mμ)

}
us′μ (p).

(3.3.4)

Box diagrams

iM1,bd = ie4

16π2
[
4ūre(k′)γνur′e (k)ūsμ(p′)γνu

s′
μ (p)k′p′D0(−q, −k′, p′, 0, 0,me,mμ)

+ ūre(k′)γνur′e (k)ūsμ(p′)2/k′γαγνu
s′
μ (p)Dα(−q, −k′, p′, 0, 0,me,mμ)

− ūre(k′)2/p′γαγνur′e (k)ūsμ(p′)γνu
s′
μ (p)Dα(−q, −k′, p′, 0, 0,me,mμ)

−ūre(k′)γμγαγνur′e (k)ūsμ(p′)γμγ
βγνu

s′
μ (p)Dαβ(−q, −k′, p′, 0, 0,me,mμ)

]
,

(3.3.5)

and :

iM2,bd = ie4

16π2
[
4ūre(k′)γνur′e (k)ūsμ(p′)γνu

s′
μ (p)k′pD0(−q, −k′, −p, 0, 0,me,mμ)

− ūre(k′)γνur′e (k)ūsμ(p′)γνγα2/k′us′μ (p)Dα(−q, −k′, −p, 0, 0,me,mμ)

− ūre(k′)2/pγαγνur
′

e (k)ūsμ(p′)γνu
s′
μ (p)Dα(−q, −k′, −p, 0, 0,me,mμ)

+ūre(k′)γμγαγνur′e (k)ūsμ(p′)γνγ
βγμu

s′
μ (p)Dαβ(−q, −k′, −p, 0, 0,me,mμ)

]
.

(3.3.6)
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Counterterm diagrams

iMct = ie2

q2
ūre(k′)γαu

r′
μ (k)ūsμ(p′)γαus′μ (p)

(
−δA + δψe + δψμ

)
, (3.3.7)

with the counterterm factors are determined by renormalization conditions Eq. (3.1.11-3.1.18) :

δe = e2

8π2
∑
j=e,μ

Re

−1
9

+ 2
3
m2

j
∂

∂q2
B0(q2,mj,mj)

∣∣∣∣∣
q2=0

+
B1(0,mj,mj)

3
+

B0(0,mj,mj)
2

 , (3.3.8)

δψ j =
mje2

4π2

−
B1(m2

j , 0,mj)
2mj

−
B0(m2

j , 0,mj)
2mj

− mj
∂B1(p2, 0,mj)

∂p2

∣∣∣∣∣
p2=m2

j

+ mj
∂B0(p2, 0,mj)

∂p2

∣∣∣∣∣
p2=m2

j

+ 1
4mj

 ,

(3.3.9)

δA = −e2

4π2
∑
j=e,μ

Re
[
−1
9

+ 2
3
m2

j B
′
0(q2,mj,mj)|q2=0 +

B1(0,mj,mj)
3

+
B0(0,mj,mj)

2

]
, (3.3.10)

∂B1(p2, 0,mj)
∂p2

∣∣∣∣∣
p2=m2

j

=
A0(mj)
2m4

j
− 1

2m2
j
B0(m2

j , 0,mj). (3.3.11)

The tensor N-point functions reads :

Bμ(q,m1,m2) = qμB1(q,m1,m2), (3.3.12)

Bμν(q,m1,m2) = gμνB00(q,m1,m2) + qμqνB11(q,m1,m2), (3.3.13)

Cμ(p1, p2,m0,m1,m2) =
2∑

i=1
piμCi(p1, p2,m0,m1,m2), (3.3.14)

Cμν(p1, p2,m0,m1,m2) = gμνC00(p1, p2,m0,m1,m2) +
2∑

i,j=1
piμpjνCij(p1, p2,m0,m1,m2), (3.3.15)

Dμ(p1, p2, p3,m0,m1,m2,m3) =
2∑

i=1
piμDi(p1, p2, p3,m0,m1,m2,m3), (3.3.16)

Dμν(p1, p2, p3,m0,m1,m2,m3) = gμνD00(p1, p2, p3,m0,m1,m2,m3) +
3∑

i,j=1
piμpjνDij(p1, p2, p3,m0,m1,m2,m3),

(3.3.17)

because the second rank tensors are symmetric in the Lorentz indices, so Cij = Cji,Dij = Dji.
We can now define the virtual cross section are follows :

dσVirt
dΩ

= 2Re [MVirt.M∗
LO]

64π2s
. (3.3.18)

I have written a FORM code using Eq. (3.3.1-3.3.7) as input to produce the result for Mvirt.M∗
LO in terms

of scalar integrals A0,B0,C0,D0 and tensors coefficients Bi,Bij,Ci,Cij,Di,Dij. This FORM code is provided in
Appendix F.
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3.3.2 Soft-photon corrections

Figure 14: The photon emission diagrams

Because of the electrons and muons are charged particles, they always emit photons (electromagnetic ra-
diation). The photon emission is therefore an essential part of QED scattering processes. The e−μ− → e−μ−

scattering without photon emission is actually unphysical and we can’t observe this process separately.
For the calculation at NLO, we have to include the emission of one additional photon. This 2 → 3 process

is depicted in Fig. (14). We split this real emission process into two parts as follows :

dσreal(α3) = dσSoft(α3) + dσhard(α3), (3.3.19)

where the soft-photon region is defined by Eγ ≤ △E with △E being a cutoff parameter. The value of △Emust
be very small compared to the colliding energy. Later, we will choose △E = 10−3√s/2 or △E = 10−4√s/2 for
numerical results.

In this thesis, we include only the soft-photon corrections to our NLO results. The hard photon corrections
are left for future work. We will show that dσSoft is IR divergent, but the sum dσVirt + dσSoft is IR finite (see

23



3.3 Final NLO analytical results 3 NEXT-TO-LEADINGORDER CALCULATION


Section IR-divergence cancellation). From Fig. (14), the soft-photon amplitudes can be calculated as shown
in Appendix E. In this calculation, we neglect the momentum q′ of the radiative photon everywhere except in
the denominator of the fermion propagator. We then get the following result for the differential cross section :

(
dσ
dΩ

)
Soft

= −
(
dσ
dΩ

)
LO

.
e2

(2π)3
∫

|q’|≤△E

d3q′

2ωq′

[
k2

(q′k)2
+ k′2

(q′k′)2
− 2kk′

q′k.q′k′ + p2

(q′p)2
+ p′2

(q′p′)2
− 2pp′

q′k.q′k′

+2Re
(

p′k′

p′q′.k′q′ − p′k
p′q′.kq′ − pk′

pq′.k′q′ + pk
pq′.kq′

)]
(α3),

(3.3.20)

with ωq′ =
√

|⃗q′|2 + λ2 where λ is the photon mass. Performing the integration over q′ gives :
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3.3 Final NLO analytical results 3 NEXT-TO-LEADINGORDER CALCULATION


(
dσ
dΩ

)Soft

NLO
= −e2

16π3

(
dσ
dΩ

)
LO

2pp′

Re
4π xtμ

m2
μ(1 − x2tμ)

log
(
xtμ
)
log

(
2△E
λ

)2
− 2πα1

(
1

4v1l1
log2

(
P0x − |P|x
P0x + |P|x

)

+Li2
(
1 − P0x − |P|x

v1

)
+ Li2

(
1 − P0x + |P|x

v1

))∣∣∣∣∣
Px=α1p

Px=p′

+ 2π log
(
2△E
λ

)2

− 4π
p0

|p|
tanh−1

(
|p|
p0

)

+2π log
(
2△E
λ

)2

− 4π
p′0

|p′|
tanh−1

(
|p′|
p′0

)
+ 2kk′

Re
4π xte

m2
e (1 − x2te)

log(xte) log
(
2△E
λ

)2


−2πα2
(

1
4v2l2

log2
(
P0x − |P|x
P0x + |P|x

)
+ Li2

(
1 − P0x − |P|x

v2

)
+ Li2

(
1 − P0x + |P|x

v2

))∣∣∣∣∣
Px=α2k

Px=k′


+2π log

(
2△E
λ

)2

− 4π
k0

|k|
tanh−1

(
|k|
k0

)
+ 2π log

(
2△E
λ

)2

− 4π
k′0

|k′|
tanh−1

(
|k′|
k′0

)

+2p′k′

Re
4π xs

memμ(1 − x2s )
log(xs) log

(
2△E
λ

)2
− 2πα3

(
1

4v3l3
log2

(
P0x − |P|x
P0x + |P|x

)

+Li2
(
1 − P0x − |P|x

v3

)
+ Li2

(
1 − P0x + |P|x

v3

))∣∣∣∣∣
Px=−α3k′

Px=p′


+2pk

Re
4π xs

memμ(1 − x2s )
log(xs) log

(
2△E
λ

)2
− 2πα4

(
1

4v4l4
log2

(
P0x − |P|x
P0x + |P|x

)

+Li2
(
1 − P0x − |P|x

v4

)
+ Li2

(
1 − P0x + |P|x

v4

))∣∣∣∣∣
Px=α4p

Px=−k


+2p′k

Re
4π xu

memμ(1 − x2u)
log(xu) log

(
2△E
λ

)2
− 2πα5

(
1

4v5l5
log2

(
P0x − |P|x
P0x + |P|x

)

+Li2
(
1 − P0x − |P|x

v5

)
+ Li2

(
1 − P0x + |P|x

v5

))∣∣∣∣∣
Px=α5k

Px=p′


+2pk′

Re
4π xu

memμ(1 − x2u)
log(xu) log

(
2△E
λ

)2
− 2πα6

(
1

4v6l6
log2

(
P0x − |P|x
P0x + |P|x

)

+Li2
(
1 − P0x − |P|x

v6

)
+ Li2

(
1 − P0x + |P|x

v6

))∣∣∣∣∣
Px=α6p

Px=k′

 ,

(3.3.21)
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with :

vi = α2i P2i − P′2
i

2li
, li = αiP0i − P′0

i , αi is the solution of : (αiPi − P′
i)
2 = 0, such that :

αiP0i − P′0
i

P′0
i

> 0,

xtj =

√
1 − 4m2

j
t+iε − 1√

1 − 4m2
j

t+iε + 1
, xs =

√
1 − 4memμ

s+iε−(me−mμ)2 − 1√
1 − 4memμ

s+iε−(me−mμ)2 + 1
, xu =

√
1 − 4memμ

u+iε−(me−mμ)2 − 1√
1 − 4memμ

u+iε−(me−mμ)2 + 1

(3.3.22)

The values of Pi are given in Tab (4). Eq. (3.3.21) is now ready for numerical calculation.

i 1 2 3 4 5 6

Pi p k -k’ p k p
P′
i p’ k’ p’ -k p’ k’

Table 4: Momentum notation for soft-photon cross section

Finally, we define here the NLO cross section :

dσNLO = dσLO(α2) + dσvirt(α3)d + σsoft(α3). (3.3.23)

We will prove in Section 4 and 5 that this NLO cross section is UV and IR finite. After all divergences are can-
celled, we get a finite result. The numerical evaluation of this result is presented next.

3.4 NLO numerical results

For numerical calculation, I have written a FORM program to calculate the squared one-loop amplitude
2Re [MVirtM∗

LO]. The out put of this FORM program depends on the kinematical variables s, t, u and the one-
loop functionsA0,B0,C0,D0,B1,C1, .... To calculate this numerically, we have to calculate these loop functions.
I was able to calculate almost all these loop integrals analytically (see AppendixD).The exception is theD0 func-
tion, for whichmy calculation has not been successful. However, the result for theD0 function is known in [10]
and has been implemented in the LoopInts program [11]. To cross check the squared amplitude output of my
FORM program, we have used the FormCalc-6.2 [12] and FeynArts-3.4 [13] to generate another expression
for the squared amplitude, we denote this expression FormCalc and call the expression of my FORM program
FORM. The scalar and tensor loop integrals for both FormCalc and FORM results are calculated by the Loop-
Ints library ¹. The input parameters are the same as in Eq. (2.0.15) with the MUonE experiment energy. The
comparisons are are shown in Tab (5-6) :

¹I thank Le Duc Ninh for providing the FormCalc results and for performing the numerical calculation for results of FORM
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e−μ− → e−μ−

t[GeV−2]
(dσ/dt)NLO − (dσ/dt)LO [μbGeV−2]

FORM (△E = 10−4√s/2) FORM (△E = 10−3√s/2) FormCalc (△E = 10−3√s/2)

-0.141465 -1.809186 -1.275878 -1.275878
-0.118602 -3.476991 -2.489794 -2.489794

−8.573608 × 10−2 -8.538580 -6.139342 -6.139342
−4.429698 × 10−2 -41.612983 -29.946273 -29.946273
−2.143402 × 10−2 -195.395369 -140.529858 -140.529858

Table 5: NLO correction at different values of t

e−μ− → e−μ−

cos θ
(dσ/d cos θ)NLO − (dσ/d cos θ)LO [μb]

FORM (△E = 10−4√s/2) FORM (△E = 10−3√s/2) FormCalc (△E = 10−3√s/2)

-0.9 -0.156633 -0.111254 -0.111254
-0.5 -0.334016 -0.239698 -0.239698
0 -0.968162 -0.696526 -0.696526
0.5 -4.773719 -3.434969 -3.434969
0.9 -122.715550 -88.148013 -88.148013

Table 6: NLO correction at differential values at cos θ (in the CMF)

We see that the NLO corrections are negative.

100

101

102

103

104

d
/d

co
s(

) [
b]

e e  | Soft photon emission
LO
NLO FormCalc ( E = 10 3 s /2)
NLO FORM ( E = 10 3 s /2)
NLO FORM ( E = 10 4 s /2)

0.75 0.50 0.25 0.00 0.25 0.50 0.75
cos( )

50
45
40
35
30
25
20

 [%
]

E = 10 3 s /2
E = 10 4 s /2

Figure 15: LO and NLO differential cross section in cos θ
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e e  | Soft photon emission
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Figure 16: LO and NLO differential cross section in t

In Fig. (15-16), the δ is defined as :

δ = dσNLO − dσLO
dσLO

. (3.4.1)

Take a look in the two figures, the FORM results are identical to FormCalc, which also shown clearly in
Tab. (5-6). The relative correction δ can change dramatically as the cutoff △E be smaller because of log(△E)
dependence in dσSoft.
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4
UV-divergence cancellation

In order to handle UV divergences, which occur in the loop corrections, we have used the multiplicative
renormalizationmethod asmentioned above. Thismethod introduces the renormalization factors δm, δψ and δe.
In this section, from the final results in Section 3.3.1, we extract the UV-divergent parts of the virtual amplitude.
We will then show that the UV-divergences are completely cancelled out in the final sum. Using dimensional
regularization to parameterize divergent values, we obtain :

UV convergent quantities : C0, Cμ,D0,Dμ,Dμν.

UVdivergent parts of N-point functions : ( Represent UV divergent term by △)

• A0(m) = m2△ ,

• B0(p2,m0,m1) = △ ,

• Bμ(p,m0,m1) = −1
2 pμ△,

• B1 (Bμ = pμ.B1) = −1
2 △ ,

• Bμν(p,m0,m1) = −gμν
12 [p2 − 3(m2

0 + m2
1)] △ + pμpν

3 △,

• Cμν(p, p′,m0,m1,m2) = gμνC00(p, p′,m0,m1,m2) = gμν
4 △,

where△ = 2
4−D −γE+1,D is the dimensions of the loop integrals and γE is the Euler constant. Substituting the

UV divergent parts of N-point functions to Eq. (3.3.1-3.3.7), we get the UV divergent value of each correction :

• The Vacuum polariztion

iMvp = e2

4π2
−2
3

△.iMLO. (4.0.1)

• The Vertex correction
iMvc = e2

4π2
1
2

△.iMLO. (4.0.2)

• The Box diagrams
iMbd = 0.iMLO. (4.0.3)

• LSZ factor
Z̃i = 1. (4.0.4)
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• The Counterterm diagrams

iMct = e2

4π2
1
6

△.iMLO. (4.0.5)

TheUVdivergence of total amplitude:
Combining all results, we obtain :

iMtotal =
4∏

i=1

√
Z̃i(iM0 + iMvp + iMvc + iMbd + iMct) = 1.

[
1 − e2

4π2
2
3

△ + e2

4π2
1
2

△ + e2

4π2
1
6

△
]

.iMLO

= iMLO → UV convergent.
(4.0.6)

The mathematical trick in renormalization is the absorption of all divergent values into renormalization factors
of physics parameters and fields. This still leaves us a lot of freedom in choosing how much of the finite part of
the loop integrals can be absorbed by the renormalization factors. There are no unique choice to fix these factors,
and any such choice is called a renormalization scheme.
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5
IR-divergence cancellation

In this section we provide the IR-divergent parts of the virtual amplitude. We will then show that the IR
divergences are cancelled out in the sum of the virtual cross section and the soft-photon emission cross section.
To regularize the IR divergences, we introduce a photonmass λ in the one-loop integrals and also in Eq. (3.3.21)
for the soft-photon correction.

The basic reason of IR divergence is the massless photon in loop integrals, which occurs in any process with
charged external particles. We can calculate the IR divergent quantities with a regularized photon mass λ → 0
(details are shown in Appendices) :

• B′
0(m2

j , λ,mj) = ∂B0(p2,λ,mj)
∂p2 |p2=m2

j
= − 1

m2
j
log
(

λ
mj

)
.

• C0(p, p′, λ,mj,mj) = C0(m2
j , t,m2

j , λ,mj,mj) = −2xtj
m2(1−x2tj)

log
(
xtj
)
log
(

λ
mj

)
,

with :

xtj =

√
1 − 4m2

j
t+iε − 1√

1 − 4m2
j

t+iε + 1
.

• D0(q, p1, p2, λ, λ,m1,m2) = 2
q2C0(m2

1, (p1 − p2)2,m2
2, λ,m1,m2) = −2x12 log(x12)

m1m2q2(1−x212)
log

(
λ2

−q2−iε

)
[10],

with :

x12 =

√
1 − 4m1m2

(p1−p2)2+iε−(m1−m2)2 − 1√
1 − 4m1m2

(p1−p2)2+iε−(m1−m2)2 + 1
.

• Dμ(q, p1, p2, λ, λ,m1,m2) ∼ qμD1(q, p1, p2, λ, λ,m1,m2) = qμ
−C0(m2

1,(p1−p2)2,m2
2,λ,m1,m2)

q2 .

• Dμν(q, p1, p2, λ, λ,m1,m2) ∼ qμqνD11(q, p1, p2, λ, λ,m1,m2) = qμqν
C0(m2

1,(p1−p2)2,m2
2,λ,m1,m2)

q2 ,

the other functions are IR convergent. Substituting these functions into the Eq. (3.3.1-3.3.7), we acquire :
The IR divergences of virtual differential cross section

• The Vacuum polariztion
iMvp = 0.iMLO. (5.0.1)
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• The Vertex correction

iMvc = e2

4π2

[
−2k′.k

xte
m2

e (1 − x2te)
log(xte) log

(
λ
me

)
− 2p′.p

xtμ
m2

μ(1 − x2tμ)
log
(
xtμ
)
log
(

λ
mμ

)]
.iMLO.

(5.0.2)

• The Box diagrams

iMbd = e2

4π2

[
−2k′p′ xs

memμ(1 − x2s )
log(xs) log

(
λ2

−q2 − iε

)

−2k′p
xu

memμ(1 − x2u)
log(xu) log

(
λ2

−q2 − iε

)]
.iMLO.

(5.0.3)

• The counterterm diagrams

iMct = e2

4π2

[
− log

λ
me

− log
λ
mμ

]
.iMLO. (5.0.4)

The total virtual differential cross section(
dσ
dΩ

)Virt

NLO
= e2

4π2

(
dσ
dΩ

)
LO

× 2Re
[
−2k′.k

xte
m2

e (1 − x2te)
log(xte) log

(
λ
me

)
− 2p′.p

xtμ
m2

μ(1 − x2tμ)
log
(
xtμ
)
log
(

λ
mμ

)
− log

λ
me

− log
λ
mμ

−2k′p′ xs
memμ(1 − x2s )

log(xs) log
(

λ2

−q2 − iε

)
− 2k′p

xu
memμ(1 − x2u)

log(xu) log
(

λ2

−q2 − iε

)]
(α3).

(5.0.5)

⇒ The total virtual differential cross section at α3 order is IR-divergent. To solve the divergent problem, we
have to add the Soft-photon emission as above discussed..

The full squared amplitude of soft-photon radiation read:

∣∣∣iMp + iMp′ + iMk + iMk′

∣∣∣2 =
∣∣∣iMp,p′ + iMk,k′

∣∣∣2 =
∣∣∣iMp,p′

∣∣∣2 + |iMk,k′ |2 + 2Re
[
M∗

p,p′Mk,k′

]
. (5.0.6)

In the soft-photon emission, the first two terms we cancel with the IR divergences of the vertex correction and
counterterm, and the last term cancels with the box diagrams. We will show this in the following.

∣∣∣iMp,p′

∣∣∣2 + |iMk,k′|2 →
(
dσ
dΩ

)
1,Soft

= −e2

4π2

(
dσ
dΩ

)
LO

.Re
{
4 log

(
2△E
λ

)
+ 4kk′ xte

m2
e (1 − x2t )

log(xte) log
(
2△E
λ

)

+4pp′ xtμ
m2

μ(1 − x2tμ)
log
(
xtμ
)
log

(
2△E
λ

)}
,

(5.0.7)
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This IR-divergent part will cancels out the IR divergences of the vertex correction Eq. (5.0.2) and the countert-
erm diagrams Eq. (5.0.4). For the last term, we have :

2Re
[
M∗

p,p′Mk,k′

]
→
(
dσ
dΩ

)
2,Soft

= −e2

4π2

(
dσ
dΩ

)
LO

.2Re

2k′p′ xs
memμ(1 − x2s )

log(xs) log
(
2△E
λ

)2

+2k′p
xu

memμ(1 − x2u)
log(xu) log

(
2△E
λ

)2
 (α3).

(5.0.8)

This IR-divergent part cancels the IR-divergences of the Box diagrams.
The total IR-divergent part of the Soft-photon radiation differential cross section reads :

(
dσ
dΩ

)
Soft

=
(
dσ
dΩ

)
1,Soft

+
(
dσ
dΩ

)
2,Soft

= −e2

4π2

(
dσ
dΩ

)
LO

.Re
{
4 log

(
2△E
λ

)
+ 4kk′ xte

m2
e (1 − x2t )

log(xte) log
(
2△E
λ

)

+ 4pp′ xtμ
m2

μ(1 − x2tμ)
log
(
xtμ
)
log

(
2△E
λ

)
+ 2

2k′p′ xs
memμ(1 − x2s )

log(xs) log
(
2△E
λ

)2

+2k′p
xu

memμ(1 − x2u)
log(xu) log

(
2△E
λ

)2
 (α3),

(5.0.9)

We can see that the cross section of soft-photon radiation process as IR divergent as the virtual corrections,
but with a sign difference.

The IR-convergence of the final NLO cross section
The IR-divergent part of the NLO cross section reads :

(
dσ
dΩ

)IR

NLO
=
(
dσ
dΩ

)
Virt

+
(
dσ
dΩ

)
Soft

= −e2

4π2

(
dσ
dΩ

)
LO

Re

log(2△E
me

)2

+ log
(
2△E
mμ

)2

+4kk′ xte
m2

e (1 − x2te)
log(xte) log

(
2△E
me

)
+ 4pp′ xtμ

m2
μ(1 − x2tμ)

log
(
xtμ
)
log

(
2△E
mμ

)

+ 4k′p′ xs
memμ(1 − x2s )

log(xs) log
(

4△E2

−q2 − iε

)
+ 4k′p

xu
memμ(1 − x2u)

log(xu) log
(

4△E2

−q2 − iε

)]
(α3),

(5.0.10)

⇒
(
dσ
dΩ

)
NLO

is IR convergent.

Finally, we get the IR-convergent result of the NLO (α3) differential cross section. At the α4, α5 etc., orders, we
always obtain the finite cross section result by takingmore photons into account. The final result depends on the
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5 IR-DIVERGENCE CANCELLATION


cutoff △E, the smaller △E, the less photon contribution, the larger correction (as shown in Section 3.4). If the
△E reaches to zero, our cross section will be IR-divergent. In practice, all detectors have a sensitive threshold, it
means that the cutoff △E has a finite value at all times.
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6
Conclusion and Outlook
Conclusion

From the work of this thesis, we can draw the following conclusions :

• The t-channel divergence occurring in the LO total cross section is due to the infinite range of the electro-
magnetic interaction.

• We have successfully cancelled out all divergences occurring at next-to-leading order, UV divergence is
cancelled by renormalization and IR divergence by adding soft-photon corrections. We note that the pho-
ton radiation is an indispensable part of the scattering process of charged particles.

• Our final NLO amplitudes are identical to results of FormCalc program.

Outlook

The next step is to include the missing hard photon corrections. After that, we will include the electroweak
corrections in the Standard Model. For the NLO numerical results presented in this thesis, the Fortran pro-
gram LoopInts has been used. I plan to write a Mathematica code to calculated all the one-loop integrals of the
e−μ− → e−μ− process. This will allow to use high precision to get more accurate results. The program Loop-
Ints has a limit on the precision (quadruple precision at most) and this is likely not enough for calculating the
electroweak corrections keeping the electron mass.
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APPENDICES


A
Wick’s theorem
A.1 Wick’s theorem

The S operator containing scattering information can be expanded to Dyson’s series [4]:

S =
∞∑
n=0

(−i)n

n!

∫ ∞

−∞
...
∫ ∞

−∞
T
{
HI

I(t1)HI
I(t2)...HI

I(tn)
}
d4x1d4x2...d4xn. (A.1.1)

In QEDHI
I(t1) =

(
eψ̄γμAμψ

)
t1
. The time ordering in the integrand is indicated by operator T, because of hard

mathematical manipulation, the time ordering operator can be handle via a handy theorem developed by Italian
physicist Gian-Carlo Wick. Wick’s theorem converts time ordered products of operators into normal ordered
products of operators and some things called ”contraction”. Take example for two scalar fields [5]:

⟨0|Tφ(x)φ(y) |0⟩ , (A.1.2)

set :
φ−(x) =

∫ d3p
(2π)3

1√
2Ep

ape−ipx φ+(x) =
∫ d3p

(2π)3
1√
2Ep

a†
pe

ipx, (A.1.3)

first, we consider the case x0 > y0. The time-odered product of two fields is then

Tφ(x)φ(y) = φ+(x)φ+(y) + φ+(x)φ−(y) + φ−(x)φ+(y) + φ−(x)φ−(y)

= φ+(x)φ+(y) + φ+(x)φ−(y) + φ+(y)φ−(x) + φ−(x)φ−(y) +
[
φ−(x)φ+(y)

]
.

(A.1.4)

Wedefine normal order operator is that placing all destruction operators to the right hand side inside a given term
:

N
(
apa†

kaq
)

= a†
kapaq, (A.1.5)
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rewrite Eq.(A.1.4)
Tφ(x)φ(y) = N (φ(x)φ(y)) +

[
φ−(x)φ+(y)

]
, (A.1.6)

similarly for case x0 < y0 :
Tφ(x)φ(y) = N (φ(x)φ(y)) +

[
φ−(y)φ+(x)

]
, (A.1.7)

the contraction of two fields that is actually Feynman propagator, as follows :

φ(x)φ(y) =

[φ−(x)φ+(y)] forx0 > y0

[φ−(y)φ+(x)] forx0 < y0
= DF(x − y), (A.1.8)

finally, we get the general Wick’s theorem for two scalar fiels :

Tφ(x)φ(y) = N (φ(x)φ(y)) + φ(x)φ(y). (A.1.9)

Generalize Wick’s theorem for N Dirac fields [5] :

T
[
ψ1ψ2ψ3..

]
= N

[
ψ1ψ2ψ3.. + all possible contractions

]
, (A.1.10)

where the contraction of two Dirac fields :

ψ(x)ψ̄(y) ≡


{
ψ+(x)ψ̄−(y)

}
forx0 > y0

−
{
ψ̄+(y)ψ−(x)

}
forx0 < y0

= SF(x − y); (A.1.11)

ψ(x)ψ(y) = ψ̄(x)ψ̄(y) = 0. (A.1.12)

A.2 Leading order scattering amplitude

We have formula of amplitude scattering :

⟨k′p′| S |kp⟩ = lim
T→∞

⟨k′p′|T
[
exp

(
−i
∫ T

−T
dtHI(t)

)]
|kp⟩ connected==== iM(2π)4δ4(pi − pf). (A.2.1)

With HI = e
∫
d3x(ψ̄eγ

αψeAα + ψ̄μγ
αψμAα). Using the second order of S-matrix only, we get the result :

⟨k′p′|T
[ 1
2!

(−ie)
∫
d4x(ψ̄x

eγ
αψx

eAα + ψ̄x
μγ

αψx
μAα)(−ie)

∫
d4y(ψ̄y

eγ
βψy

eAβ + ψ̄y
μγ

βψy
μAβ)

]
|kp⟩

= iM(2π)4δ4(pi − pf)
(A.2.2)

−e2

2!

∫
d4x

∫
d4y ⟨0|T

[
arp′as

′

k′

(
ψ̄x
eγ

αψx
eAαψ̄

y
μγ

βψy
μAβ + ψ̄x

μγ
αψx

μAαψ̄
y
eγ

βψy
eAβ

)
as†k a

r′†
p

]
|0⟩

= iM(2π)4δ4(pi − pf).
(A.2.3)
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Because the term
(
ψ̄x
eγ

αψx
eAαψ̄

y
μγ

βψy
μAβ

)
and

(
ψ̄x
μγ

αψx
μAαψ̄

y
eγ

βψy
eAβ

)
are the same results, so we’ll combine them

to cancel the fractor 1
2! :

⇒ −e2
∫
d4x

∫
d4y ⟨0|T

(
arp′as

′

k′ ψ̄x
eγ

αψx
eAαψ̄

y
μγ

βψy
μAβas†k a

r′†
p

)
|0⟩ = iM(2π)4δ4(pi − pf) (A.2.4)

Using the Wick’s theorem [5] :

T(ap′ak′ψx
eγ

αψx
eAαψ

y
μγ

βψy
μAβa†

ka
†
p) = N(ap′ak′ψx

eγ
αψx

eAαψ
y
μγ

βψy
μAβa†

ka
†
p + all possible contractions) (A.2.5)

only following types of full contractions give non-zero:

ap′ak′ψx
eγ

αψx
eAαψ

y
μγ

βψy
μAβa†

ka
†
p (A.2.6)

we just retain the above non-zero terms to obtain the result on the left-hand side Eq.(A.2.4) :

LHS = −e2
∫
d4x

∫
d4y⟨k′, p′|ψx

eγ
αψx

eAαψ
y
μγ

βψy
μAβ|k, p⟩, (A.2.7)

To untangle the contractions, we use the formula [5] :

ap′ak′ψyψx = −ap′ak′ψxψy and ap′AμψyAν = ap′ψyAμAν. (A.2.8)

Untangling the contractions Eq.(A.2.6), we get the result :

LHS = −e2
∫
d4x

∫
d4y ūre(k′)eik′xγαur′e (k)e−ikx

∫ d4q
(2π)4

e−iq(x−y)
(

−igαβ
q2

)
ūsμ(p′)eip′yγβus′μ (p)e−ipy

= −e2
∫ d4q

(2π)4

(
−igαβ
q2

)
ūre(k′)γαur′e (k)ūsμ(p′)γβus′μ (p)

∫
d4xei(k′−k−q)x

∫
d4yei(p′−p+q)y

=
∫ d4q

(2π)4
ie2

q2
ūre(k′)γαur′e (k)gαβūsμ(p′)γβus′μ (p)(2π)8δ4(k′ − k − q)δ4(p′ − p + q)

(A.2.9)

⇒ LHS =
[
ie2

q2
ūre(k′)γαur′e (k)ūsμ(p′)γαu

s′
μ (p)

]
(2π)4δ4(p′ + k′ − p − k), (A.2.10)

with q = k′ − k and the formula of contraction :

ψI(x)|p, s⟩ = e−ipxus(p) |0⟩ (A.2.11)(
γ0ψI(x)|p, s⟩

)†
= ⟨0| eipxūs(p) (A.2.12)

AμAν = Gμν(x − y) =
∫ d4p

(2π)4
e−ip(x−y) −igμν

p2 + iε
. (A.2.13)
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We have :
LHS = iM(2π)4δ4(pi − pf), (A.2.14)

associating to Eq.(A.2.10), we get result of amplitude scattering :

iM = ie2

q2
ūre(k′)γαur′e (k)ūsμ(p′)γαu

s′
μ (p), (A.2.15)

it’s easy to see above equation is same as eq.(2.0.2).

A.3 One-loop order scattering amplitudes

We have formula of amplitude scattering [5] :

⟨k′p′| S |kp⟩ = lim
T→∞

⟨k′p′|T
[
exp

(
−i
∫ T

−T
dtHI(t)

)]
|kp⟩ = iM(2π)4δ4(pi − pf). (A.3.1)

With HI = e
∫
d3x(ψ̄eγ

αψeAα + ψ̄μγ
αψμAα), using the Next-to-leading order (NLO) of S-matrix, we get the

result :

⟨k′p′|T[ 1
4!

(−ie)
∫
d4x(ψ̄e

xγ
ρψe

xAρ + ψ̄μ
xγ

ρψμ
xAρ)(−ie)

∫
d4y(ψ̄e

yγ
νψe

yAν + ψ̄μ
yγ

νψμ
yAν).

(−ie)
∫
d4z(ψ̄e

zγ
αψe

zAα + ψ̄μ
zγ

αψμ
zAα)(−ie)

∫
d4w(ψ̄e

zγ
αψe

zAα + ψ̄μ
wγ

βψμ
wAβ)] |kp⟩

= iM(2π)4δ4(pi − pf) (A.3.2)

e4

4!

∫
d4x

∫
d4y

∫
d4z

∫
d4w ⟨0|T[asp′as

′

k′(ψ̄e
xγ

ρψe
xAρ + ψ̄μ

xγ
ρψμ

xAρ)(ψ̄
e
yγ

νψe
yAν + ψ̄μ

yγ
νψμ

yAν).

(ψ̄e
zγ

αψe
zAα + ψ̄μ

zγ
αψμ

zAα)(ψ̄
e
wγ

βψe
wAβ + ψ̄μ

wγ
βψμ

wAβ)ar†k ar
′†
p ] |0⟩

= iM(2π)4δ4(pi − pf). (A.3.3)

Using the Wick’s theorem [5] :

T(ap′ak′ψxγ
ρψxAρψyγ

νψyAνψzγ
αψzAαψwγ

βψwAβa†
ka

†
p)

= N(ap′ak′ψxγ
ρψxAρψyγ

νψyAνψzγ
αψzAαψwγ

βψwAβa†
ka

†
p + all possible contractions),

(A.3.4)

we’ll meet four type of loop diagram :

39



A.3 One-loop order scattering amplitudes A WICK’S THEOREM


Figure 17: Four types of loop diagrams in NLO e−e− scattering process

The thirdone is external leg corrections. We’ll neglect it in the amplitude calculationbecause it’s not amputated
as required by formula (4.90) in Peskin’s book [5] for S-matrix elements.

1. Vacuumpolarization
The first diagram is called the vacuum polarization. Using Wick’s theorem in Eq.(A.3.4) we get two dia-
grams in this type:

Figure 18: The Vacuum polarization diagrams

corresponding to following two short-term after expanding using Wick’s theorem in Eq.(A.3.3) :

ap′ak′ψe
xγ

ρψe
xAρψ

e
yγ

νψe
yAνψ

e
zγ

αψe
zAαψ

μ
wγ

βψμ
wAβa†

ka
†
p (A.3.5)

ap′ak′ψe
xγ

ρψe
xAρψ

μ
yγ

νψμ
yAνψ

μ
zγ

αψμ
zAαψ

μ
wγ

βψμ
wAβa†

ka
†
p (A.3.6)

• We rewrite fully Eq.(A.3.5):

e4
∫
d4x

∫
d4y

∫
d4z

∫
d4w ⟨0| ap′ak′ψe

xγ
ρψe

xAρψ
e
yγ

νψe
yAνψ

e
zγ

αψe
zAαψ

μ
wγ

βψμ
wAβa†

ka
†
p |0⟩

= iM1,vp(2π)4δ4(pi − pf),

(A.3.7)
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the 1
4! factor is canceled by 4! ways of interchanging vertices to obtain the same contraction. To

untangle the contractions, we use the formula :

ap′ak′ψyψx = −ap′ak′ψxψy and ap′AρψyAν = ap′ψyAρAν

ψI(x)|p, s⟩ = e−ipxus(p) |0⟩ and
(
γ0ψI(x)|p, s⟩

)†
= ⟨0| eipxūs(p)

AρAν = gρν(x − y) =
∫ d4p

(2π)4
e−ip(x−y) −igρν

p2 + iε

ψxψy = SF(x − y) =
∫ d4p

(2π)4
e−ip(x−y) i

(
/p + me

)
p2 − m2

e + iε
.

(A.3.8)

Untangling the contractions in Eq(A.3.7), we get the results in the LHS :

e4
∫
d4x

∫
d4y

∫
d4z

∫
d4w.eik′xūre(k′)γρe−ikxur′e (k)

∫ d4g
(2π)4

e−ig(x−y) −igρν
g2

.

(−1)tr [γνSF(y − z)γαSF(z − y)]
∫ d4q

(2π)4
e−iq(z−w) −igαβ

q2
eip′wūsμ(p′)γβe−ipwus′μ (p),

(A.3.9)

with :

SF(y − z) =
∫ d4l

(2π)4
i

/l − me
e−il(y−z)

SF(z − y) =
∫ d4n

(2π)4
i

/n − me
e−in(z−y).

(A.3.10)

Eq.(A.3.9)

⇒ −e4
∫ d4g d4l d4n d4q

(2π)16
ūre(k′)γρur′e (k)

−igρν
g2

tr
[
γν

i
/l − me

γα
i

/n − me

]
−igαβ
q2

ūsμ(p′)γβus′μ (p)∫
d4xe−i(k′−k−g)x

∫
d4ye−i(g−l+n)y

∫
d4ze−i(l−n−q)z

∫
d4we−i(q+p′−p)w

= −e4
∫ d4g d4l d4n d4q

(2π)16
ūre(k′)γρur′e (k)

−igρν
g2

tr
[
γν

i
/l − me

γα
i

/n − me

]
−igαβ
q2

ūsμ(p′)γβus′μ (p)

(2π)16δ4(k′ − k − g)δ4(g − l + n)δ4(l − n − q)δ4(q + p′ − p)
(A.3.11)

finally we get :

(2π)4δ4(k′ − k + p′ − p).e4
∫ d4n

(2π)4
ūre(k′)γρur′e (k)

igρν
g2

tr
[
γν

i
/l − me

γα
i

/n − me

]
−igαβ
q2

ūsμ(p′)γβus′μ (p)

= iM1,vp(2π)4δ4(pi − pf)
(A.3.12)
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⇒ iM1,vp = −e4
∫ d4n

(2π)4
ūre(k′)γρur′e (k)

−igρν
g2

tr
[
γν

i
/l − me

γα
i

/n − me

]
−igαβ
q2

ūsμ(p′)γβus′μ (p),

(A.3.13)
with : 

g = k′ − k

l = k′ − k + n

q = k′ − k

. (A.3.14)

• Similar for Eq.(A.3.6) corresponding to the second diagram, it will get further (−1) factor :

iM2,vp = −e4
∫ d4n

(2π)4
ūre(k′)γρur′e (k)

−igρν
g2

tr
[
γν

i
/l − mμ

γα
i

/n − mμ

]
−igαβ
q2

ūsμ(p′)γβus′μ (p),

(A.3.15)
with : 

g = k′ − k

l = k′ − k + n

q = k′ − k

. (A.3.16)

The amplitude for Vaccum polarization diagrams :

iMvp = iM1,vp + iM2,vp. (A.3.17)

2. Vertex correction

The second diagram in fig[17] is called the vertex correction. Using Wick’s theorem in Eq.(A.3.4) we get
two diagrams in this type :

Figure 19: The Vertex correction diagrams
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corresponding to two short-term below after expanding using Wick’s theorem in Eq.(A.3.3) :

ap′ak′ψe
xγ

ρψe
xAρψ

e
yγ

νψe
yAνψ

e
zγ

αψe
zAαψ

μ
wγ

βψμ
wAβa†

ka
†
p (A.3.18)

ak′ap′ψμ
wγ

βψμ
wAβψ

μ
yγ

νψμ
yAνψ

μ
zγ

αψμ
zAαψ

e
xγ

ρψe
xAρa†

pa
†
k (A.3.19)

• We rewrite fully Eq.(A.3.18) :

e4
∫
d4x

∫
d4y

∫
d4z

∫
d4w ⟨0| ap′ak′ψe

xγ
ρψe

xAρψ
e
yγ

νψe
yAνψ

e
zγ

αψe
zAαψ

μ
wγ

βψμ
wAβa†

ka
†
p |0⟩

= iM1,vc(2π)4δ4(pi − pf),

(A.3.20)

the 1
4! is canceledby4! waysof interchangingvertices toobtain the samecontraction. Tountanglethe

contractions, we use the formula Eq.(A.3.8) to untangle the contractions in Eq.(A.3.20), we get the
results in the LHS :

e4
∫
d4x

∫
d4y

∫
d4z

∫
d4w.eik′yūre(k′)γν

∫ d4g
(2π)4

i
/g − me

e−ig(y−z)γα
∫ d4l

(2π)4
i

/l − me
e−il(z−x)

γρe−ikxur′e (k).eip′wūsμ(p′)γβe−ipwus′μ (p)
∫ d4n

(2π)4
−igρνe−in(x−y)

n2
∫ d4q

(2π)4
−igαβe−iq(z−w)

q2

(A.3.21)

=e4
∫ d4g d4l d4n d4q

(2π)16
.ūre(k′)γν i

/g − me
γα

i
/l − me

γρur′e (k).ūsμ(p′)γβus′μ (p).
−gρνgαβ
n2q2

.∫
d4xei(l−k−n)x

∫
d4yei(k′−g+l)y

∫
d4zei(g−l−q)z

∫
d4wei(q+p′−p)w

(A.3.22)

=e4
∫ d4g d4l d4n d4q

(2π)16
.ūre(k′)γν i

/g − me
γα

i
/l − me

γρur′e (k).ūsμ(p′)γβus′μ (p).
−gρνgαβ
n2q2

.

(2π)16δ4(l − k − n)δ4(k′ − g + n)δ4(g − l − q)δ4(q + p′ − p),
(A.3.23)

finally we get :

(2π)4δ4(k′ − k + p′ − p).e4
∫ d4l

(2π)4
−gρνgαβ
n2q2

ūre(k′)γν i
/g − me

γα
i

/l − me
γρur′e (k).ūsμ(p′)γβus′μ (p)

= iM1,vc(2π)4δ4(pi − pf)
(A.3.24)
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⇒ iM1,vc = e4
∫ d4l

(2π)4
−gρνgαβ
n2q2

ūre(k′)γν i
/g − me

γα
i

/l − me
γρur′e (k).ūsμ(p′)γβus′μ (p), (A.3.25)

with : 
n = l − k

g = k′ − k + l

q = k′ − k

. (A.3.26)

• Similar for Eq.(A.3.19) corresponding to the second diagram :

iM2,vc = e4
∫ d4l

(2π)4
−gβνgαρ
n2q2

ūsμ(p′)γν i
/g − mμ

γα
i

/l − mμ
γβus′μ (p).ūre(k′)γρur′e (k) (A.3.27)

with : 
n = l − p

g = p′ − p + l

q = p′ − p

. (A.3.28)

The full Vertex correction amplitude :

iMvc = iM1,vc + iM2,vc. (A.3.29)

3. External leg correction

The third diagram in fig[17] is called the external leg correction. Using Wick’s theorem in Eq.(A.3.4), we’ll
get four diagrams in this type :
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Figure 20: The External leg correction diagrams

corresponding to four contraction terms after expanding using Wick’s theorem in Eq.(A.3.3) :

ap′ak′ψe
xγ

ρψe
xAρψ

e
yγ

νψe
yAνψ

e
zγ

αψe
zAαψ

μ
wγ

βψμ
wAβa†

ka
†
p (A.3.30)

ap′ak′ψe
xγ

ρψe
xAρψ

e
yγ

νψe
yAνψ

e
zγ

αψe
zAαψ

μ
wγ

βψμ
wAβa†

ka
†
p (A.3.31)

ak′ap′ψμ
wγ

βψμ
wAβψ

μ
yγ

νψμ
yAνψ

μ
zγ

αψμ
zAαψ

e
xγ

ρψe
xAρa†

pa
†
k (A.3.32)

ak′ap′ψμ
wγ

βψμ
wAβψ

μ
yγ

νψμ
yAνψ

μ
zγ

αψμ
zAαψ

e
xγ

ρψe
xAρa†

pa
†
k (A.3.33)
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• We write fully Eq.(A.3.30) :

e4
∫
d4x

∫
d4y

∫
d4z

∫
d4w ⟨0| ap′ak′ψe

xγ
ρψe

xAρψ
e
yγ

νψe
yAνψ

e
zγ

αψe
zAαψ

μ
wγ

βψμ
wAβa†

ka
†
p |0⟩

= iM1,elc(2π)4δ4(pi − pf),

(A.3.34)

the 1
4! is again canceled by 4! ways of interchanging vertices to obtain the same contraction. Untan-

gling the contractions in above equation, we get the result :

e4
∫
d4x

∫
d4y

∫
d4z

∫
d4w.eik′yūre(k′)γν

∫ d4g
(2π)4

i
/g − me

e−ig(y−z)γα
∫ d4l

(2π)4
i

/l − me
e−il(z−x)

γρe−ikxur′e (k).eip′wūsμ(p′)γβe−ipwus′μ (p)
∫ d4n

(2π)4
−igρβe−in(x−w)

n2
∫ d4q

(2π)4
−igναe−iq(y−z)

q2

(A.3.35)

=e4
∫ d4g d4l d4n d4q

(2π)16
.ūre(k′)γν i

/g − me
γα

i
/l − me

γρur′e (k).ūsμ(p′)γβus′μ (p).
−gρβgνα
n2q2

.∫
d4xei(l−n−k)x

∫
d4yei(k′−g−q)y

∫
d4zei(g−l+q)z

∫
d4wei(n+p′−p)w

(A.3.36)

=e4
∫ d4g d4l d4n d4q

(2π)16
.ūre(k′)γν i

/g − me
γα

i
/l − me

γρur′e (k).ūsμ(p′)γβus′μ (p).
−gρβgνα
n2q2

.

(2π)16δ4(l − k − n)δ4(k′ − g − q)δ4(g − l + q)δ4(n + p′ − p),
(A.3.37)

finally we get :

(2π)4δ4(k′ − k + p′ − p).e4
∫ d4q

(2π)4
−gρβgνα
n2q2

ūre(k′)γν i
/g − me

γα
i

/l − me
γρur′e (k).ūsμ(p′)γβus′μ (p)

= iM1,elc(2π)4δ4(pi − pf)
(A.3.38)

⇒ iM1,elc = e4
∫ d4q

(2π)4
−gρβgνα
n2q2

ūre(k′)γν i
/g − me

γα
i

/l − me
γρur′e (k).ūsμ(p′)γβus′μ (p), (A.3.39)

with : 
l = k′

g = k′ − q

n = k′ − k

. (A.3.40)
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• Similar for Eq.(A.3.31) corresponding to the second diagram :

iM2,elc = e4
∫ d4q

(2π)4
−gραgνβ
q2n2

ūre(k′)γν i
/g − me

γα
i

/l − me
γρur′e (k).ūsμ(p′)γβus′μ (p), (A.3.41)

with : 
l = k − q

g = k

n = k′ − k

. (A.3.42)

• Similar for Eq.(A.3.32) corresponding to the third diagram :

iM3,elc = e4
∫ d4q

(2π)4
−gρβgνα
n2q2

ūsμ(p′)γν i
/g − mμ

γα
i

/l − mμ
γβus′μ (p).ūre(k′)γρur′e (k) (A.3.43)

with : 
l = p′

g = p′ − q

n = p′ − p

. (A.3.44)

• Similar for Eq.(A.3.33) corresponding to the fourth diagram :

iM4,elc = e4
∫ d4q

(2π)4
−gραgνβ
q2n2

ūsμ(p′)γν i
/g − mμ

γα
i

/l − mμ
γβus′μ (p).ūre(k′)γρur′e (k) (A.3.45)

with : 
l = p − q

g = p

n = p′ − p

. (A.3.46)

The full External leg correction amplitude :

iMelc = iM1,elc + iM2,elc + iM3,elc + iM4,elc. (A.3.47)

4. Box diagrams

The fourth diagram in fig[17] is called the Box diagram. Using Wick’s theorem in Eq.(A.3.4), we get two
diagrams in this type :
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Figure 21: The Box diagrams

corresponding to two short-term below after expanding using Wick’s theorem in Eq.(A.3.3) :

ap′ak′ψe
xγ

ρψe
xAρψ

μ
yγ

νψμ
yAνψ

e
zγ

αψe
zAαψ

μ
wγ

βψμ
wAβa†

ka
†
p (A.3.48)

ap′ak′ψe
xγ

ρψe
xAρψ

μ
yγ

νψμ
yAνψ

e
zγ

αψe
zAαψ

μ
wγ

βψμ
wAβa†

ka
†
p (A.3.49)

• We rewrite fully Eq.(A.3.48) :

e4
∫
d4x

∫
d4y

∫
d4z

∫
d4w ⟨0| ap′ak′ψe

xγ
ρψe

xAρψ
μ
yγ

νψμ
yAνψ

e
zγ

αψe
zAαψ

μ
wγ

βψμ
wAβa†

ka
†
p |0⟩

= iM1,bd(2π)4δ4(pi − pf),
(A.3.50)

similarly above, the 1
4! is also canceled by 4! ways of interchanging vertices to obtain the same con-

traction. To untangle the contractions, using also the formula Eq.(A.3.8) to untangle the contrac-
tions in Eq.(A.3.50) and we get the results :

(2π)4δ4(k′ − k + p′ − p).e4
∫ d4n

(2π)4
−gαβgρν
q2n2

ūre(k′)γρ
i(/g + me)
g2 − m2

e
γαur′e (k)ūsμ(p′)γν

i(/l + mμ)
l2 − m2

μ
γβus′μ (p)

= iM1,bd(2π)4δ4(pi − pf)
(A.3.51)

⇒ iM1,bd = e4
∫ d4n

(2π)4
−gαβgρν
q2n2

ūre(k′)γρ
i(/g + me)
g2 − m2

e
γαur′e (k)ūsμ(p′)γν

i(/l + mμ)
l2 − m2

μ
γβus′μ (p),

(A.3.52)
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with : 
g = k′ − n

q = k′ − k − n = g − k

l = k − k′ + n + p = p − q

. (A.3.53)

• Similar for Eq.(A.3.49) corresponding to the second diagram :

iM2,bd = e4
∫ d4n

(2π)4
−gανgρβ
q2n2

ūre(k′)γρ
i(/g + me)
g2 − m2

e
γαur′e (k)ūsμ(p′)γν

i(/l + mμ)
l2 − m2

μ
γβus′μ (p) (A.3.54)

with : 
g = k′ − n

q = k − k′ + n = k − g

l = p′ + k′ − k − n = p′ − q

. (A.3.55)

The full Box diagrams amplitude :
iMbd = iM1,bd + iM2,bd. (A.3.56)

And the full one-loop amplitude scattering :

iMNLO = iMvp + iMvc + iMbd + iMelc. (A.3.57)
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B MATHEMATICS


B
Mathematics

The formulas here are taken from [14].

B.1 Logarithms and Powers

The natural logarithm log(z) is defined as

log(z) = log(|z|) + iarg(z), (B.1.1)

with −π ≤ arg(z) ≤ π. The logarithm log(z) has a branch cut along the negative real axis. The general power
w = zα (α is a complex constant) is defined follow the exponential function :

zα =
(
elog(z)

)α
= eα log(z). (B.1.2)

With the above definitions having the following properties :

log(z1z2) = log(z1) + log(z2) + η(z1, z2), (B.1.3)

η(z1, z2) = 2πi [θ(−Imz1)θ(−Imz2)θ(Imz1z2) − θ(Imz1)θ(Imz2)θ(−Imz1z2)] , (B.1.4)

(z1z2)α = eα log(z1z2) = eα[log(z1)+log(z2)+η(z1,z2)] = eαη(z1,z2)zα1z
α
2, (B.1.5)

so :

log(z1z2) = log(z1) + log(z2) If Im(z1) and Im(z2) have different sign (B.1.6)

log
(z1
z2

)
= log(z1) − log(z2) If Im(z1) and Im(z2) have the same sign (B.1.7)

(z1z2)α = zα1 + zα2 If Im(z1) and Im(z2) have different sign. (B.1.8)

(B.1.9)

For −z = a − iρ with a is real and ρ → 0+ :

log(−z) =

log(|a|) If a > 0

log(|a|) − iπ If a < 0
(B.1.10)
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arg(−z) = argz − π (B.1.11)

log(−z) = log(|z|) + i arg(−z) = log(|z|) + i arg(z) − iπ = log(z) − iπ (B.1.12)

(−z)α = e−iπαeα log(z) = e−iπαzα. (B.1.13)

If A and B are real then :

log(AB − iρ) = log(A − iρ′) + log(B − iρ/A), (B.1.14)

where ρ′ is infinitesimal and has the same sign as rho. We get :

(AB − iρ)α = eα log(AB−iρ) = eα[log(A−iρ′)+log(B−iρ/A)] = (A − iρ′)α(B − iρ/A)α. (B.1.15)

B.2 Dilogarithms

The dilogarithm or Spence function is defined [8]

Sp(z) = −
∫ 1

0
dt
log(1 − zt)

t
, (B.2.1)

where z is complex number. The dilogarithm function has a cut along the positive real axis from 1 to +∞ due
to branch cut of logarithm function. When one is in a problematic situation, the following transformation for-
mulate maybe useful :

Sp(z) = −Sp(1
z

) − 1
6
π2 − 1

2
log2(−z), (B.2.2)

Sp(z) = −Sp(1 − z) + 1
6
π2 − log(1 − z) log(z). (B.2.3)

B.3 Gamma and Beta functions

The Gamma function Γ(z) is one commonly used extension of the factorial function to complex numbers.
The gamma function is defined for all complex numbers except the non-positive integers. For positive integer n:

Γ(n + 1) = nΓ(n)! = n!, (B.3.1)

follow the derivation by Daniel Bernoulli, for complex numbers z with a positive real part Re(z) the gamma
function is defined by :

Γ(z) =
∫ ∞

0
dte−ttz−1. (B.3.2)

Γ(z) is analytical everywhere, except at the points z = 0, −1, −1, −3, ...The following properties of the gamma
function are very useful :

Γ(z + 1) = zΓ(z) (B.3.3)
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Γ(z)Γ(1 − z) = π
sin πz

(B.3.4)

Γ(ε) = 1
ε

− γE + O(ε), ε → 0, (B.3.5)

where γE = −Γ′(1) is Euler constant.
The beta function is defined by

B(p, q) =
∫ 1

0
dttp−1(1 − t)q−1, (B.3.6)

where Rep> 0 and Req> 0; the principal values of the various powers are to be taken. The analytical continu-
ation of B(p, q) onto the left halves of the p and q planes is achieved by using

B(p, q) = Γ(p)Γ(q)
Γ(p + q)

. (B.3.7)
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C
D-dimensional Integral

The below formulas are cited form [7].

C.1 D-dimension properties

Transforming 4-dimension to D-dimension (D = 4 − 2ε, ε → 0, D can be complex number) with some
changed properties :

• Tensor metric gμν is D-dimension with μ, ν = 0, 1, 2, ..,D − 1.
And gμνgμν = D.

• Dirac matrix γμ:
{γμ, γν} = 2gμν1

Tr{1} = 4.

• Remaining Lorentz invariant, Gauge invariant

• Integral : ∫ d4q
(2π)4

→ μ4−D dDq
(2π)D

with μ is normalized factor (mass scale of dimensional regularization).

C.2 Basic integral

In(A) =
∫
dDk

1
(k2 − A + iε)n

, A > 0. (C.2.1)

1. Wick rotation
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Figure 22: Wick rotation

k0 has two poles :

k0 = ±
√
k⃗2 + A ∓ iε′. (C.2.2)

In Complex Calculus, we get the result :
∮
C
dk0(k2 − A + iε)−n = 0 (C.2.3)

→
∫ ∞

−∞
dk0... =

∫ i∞

−i∞
dk0... (C.2.4)

Substitution :

k0 = iqE,0, k⃗ = q⃗E, (C.2.5)

k2 = −q2E ≤ 0, (C.2.6)∫ i∞

−i∞
dk0... = i

∫ ∞

−∞
dqE,0... (C.2.7)

→ In(A) =
∫ ∞

−∞
dk0

∫
dD−1⃗k(q2 − A + iε)−n (C.2.8)
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= i
∫ ∞

−∞
dqE,0

∫
dD−1q⃗E(−q2E,0 − q⃗2E − A + iε)−n (C.2.9)

= i
∫
dDqE(−1 + iε′)n(q2E + A − iε)−n = i

∫
dDqE(−1)n(q2E + A − iε)−n, (C.2.10)

with n is a integer .

2. Integrals in D-Dimensional Euclid space

∫
dDqE =

∫
ΩD

dΩD

∫ ∞

0
dqEqD−1

E =
∫
ΩD

dΩD

∫ ∞

0
dq2E

1
2

(q2E)D−1, (C.2.11)

ΩD = 2πD/2

Γ(D/2)
= D-dimensional solid angle. (C.2.12)

Proof :

√
πD = (

∫ ∞

0
dx.e−x2)D =

∫
dx1...dxD.e−

∑
i x

2
i =

∫
dDx.e−x2 =

∫
dΩD

∫ ∞

0
dxxD−1e−x2 (C.2.13)

=
∫
dΩD

1
2

∫ ∞

0
dx2(x2)(D−2)/2e−x2 =

∫
dΩD

1
2
Γ(D/2) → ΩD = 2πD/2

Γ(D/2)
. (C.2.14)

→ In(A) = i(−1)nΩD

∫ ∞

0
dq2E

1
2

(q2E)D/2−1(q2E + A − iε)−n (C.2.15)

= i(−1)n 2πD/2

Γ(D/2)

∫ ∞

0
dx

1
2
xD/2−1(x + A − iε)−n (C.2.16)

= i(−1)n πD/2

Γ(D/2)
(A − iε)D/2−n

∫ ∞

0
dy(y + 1)−nyD/2−1 set : y = x

A − iε
(C.2.17)

= i(−1)n πD/2

Γ(D/2)
(A − iε)D/2−nB

(D
2

, n − D
2

)
Beta function : B(x, y) = Γ(x)Γ(y)

Γ(x + y)
(C.2.18)

= i(−1)nπD/2Γ(n − D
2 )

Γ(n)
(A − iε)D/2−n. (C.2.19)

Similarly, another D-dimensional integrals :

∫ dDq
(2π)D

q2

(q2 − A)n
= i(−1)n−1

(4π)D/2
D
2
Γ(n − D

2 − 1)
Γ(n)

(A)1+D
2 −n, (C.2.20)

∫ dDq
(2π)D

qμqν

(q2 − A)n
= i(−1)n−1

(4π)D/2
gμν

2
Γ(n − D

2 − 1)
Γ(n)

(A)1+D
2 −n, (C.2.21)

∫ dDq
(2π)D

(q2)2

(q2 − A)n
= i(−1)n

(4π)D/2
D(D + 2)

4
Γ(n − D

2 − 2)
Γ(n)

(A)2+D
2 −n, (C.2.22)

∫ dDq
(2π)D

qμqνqρqη

(q2 − A)n
= i(−1)n

(4π)D/2

Γ(n − D
2 − 2)

Γ(n)
(A)2+D

2 −n1
4

(gμνgρη + gμρgνη + gμηgρν). (C.2.23)
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In some cases, these integrals will be UV-divergent behaviour whenD → 4, we should use the following
expanded identities :

Ax = 1 − x log(A) + O(x2) (C.2.24)

Γ(x) = 1
x

− γE + O(x), (C.2.25)

with x → 0 .

3. Feynman parametrization :
Using Feynman’s trick to transform complicated integrals to basic integral :

1
A1A2

=
∫ 1

0
dx

1
(A1x + (1 − x)A2)2

, (C.2.26)

general formula :
1

A1...An
= (n − 1)!

∫ 1

0
dx1...

∫ 1

0
dxn

δ(1 −∑n
k=1 xk)

(∑n
k=1 xkAk)n

. (C.2.27)
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D
N-point integrals
D.1 One-point function

A0(m) = (2πμ)4−D

iπ2
∫
dDq(q2 − m2 + iε)−1 = (2πμ)4−D

iπ2
I1(m2) = −m2

(
m2

4πμ2

)D−4
2

Γ(2 − D
2

), (D.1.1)

whenD → 4:

(
m2

4πμ2

)D−4
2

= 1 + D − 4
2

log
(

m2

4πμ2

)
+ O((D − 4)2), (D.1.2)

Γ
(2 − D

2

)
= −

( 2
4 − D

− γE + 1
)

+ O(D − 4), (D.1.3)

⇒ A0(m) = m2

 2
4 − D

− γE + log(4π)︸ ︷︷ ︸
=△

− log
(
m2

μ2

)
+ 1

+ O(D − 4) (D.1.4)

= m2
[
△ − log

(
m2

μ2

)
+ 1

]
+ O(D − 4). (D.1.5)

Note : (D − 4)A0(m) = −2m2 + O(D − 4) .

D.2 Two-point functions

D.2.1 Scalar

B0(p,m0,m) = (2πμ)4−D

iπ2
∫
dDq

1
(q2 − m2

0 + iε)[(q + p)2 − m2 + iε]
, (D.2.1)

using Feynman parametrization :

→ B0(p,m0,m) = (2πμ)4−D

iπ2
∫
dDq

∫ 1

0
dx

1
[(q + xp)2 − x2p2 + x(p2 − m2 + m2

0) − m2
0 + iε]2

(D.2.2)
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= (2πμ)4−D

iπ2
∫ 1

0

∫
dDq′ 1

(q′2 − A + iε)2︸ ︷︷ ︸
=I2(A)

set : q′ = q + xp (D.2.3)

= (4πμ2)
4−D
2 Γ

(4 − D
2

) ∫ 1

0
dx
[
x2p2 − x(p2 − m2 + m2

0) + m2
0 − iε

]D−4
2 (D.2.4)

= △ −
∫ 1

0
dx log

[
x2p2 − x(p2 − m2 + m2

0) + m2
0 − iε

μ2

]
+ O(D − 4). (D.2.5)

Alternative notation B0(p,m0,m) → B0(p2,m0,m2) and (D − 4)B0 = −2 + O(D − 4). Some special cases of
Two-point fucntions :

B0(p2, 0,m) = △ − log
(
m2

μ2

)
+ 2 + m2 − p2

p2
log

(
m2 − p2 − iε

m2

)
(D.2.6)

B0(0, 0,m) = △ − log
(
m2

μ2

)
+ 1 (D.2.7)

B0(m2, 0,m) = △ − log
(
m2

μ2

)
+ 2 (D.2.8)

B0(p2, 0, 0) = △ − log
(

−p2 − iε
μ2

)
+ 2 (D.2.9)

B0(0,m,m) = △ − log
(
m2

μ2

)
(D.2.10)

A0(m) = m2B0(0, 0,m) = m2(B0(0,m,m) + 1) (D.2.11)

B0(m2, 0,m) = B0(0,m,m) + 2. (D.2.12)

D.2.2 Tensor

In all Tensor integral cases, we should use the Passarino-Veltman reduction method [7].

1.
Bμ(p1,m0,m1) = ⟨|

qμ
(q2 − m2

0) [(q + p1)2 − m2
1]

|⟩q = p1μB1(p1,m0,m1) (D.2.13)

Multiply by pμ1 :

p21B1(p21,m0,m1) = ⟨| qp1
(q2 − m2

0) [(q + p1)2 − m2
1]

|⟩q (D.2.14)

= ⟨|
1
2 [(q + p1)2 − m2

1] − 1
2(q

2 − m2
0) − 1

2(p
2
1 − m2

1 + m2
0)

(q2 − m2
0) [(q + p1)2 − m2

1]
|⟩q (D.2.15)

= 1
2
A(m0) − 1

2
A(m1) − 1

2
(p21 − m2

1 + m2
0)B0(p21,m0,m1) (D.2.16)

⇒ B1(p21,m0,m1) = 1
2p2

[
A(m0) − A(m1) − (p21 − m2

1 + m2
0)B0(p21,m0,m1)

]
. (D.2.17)

WhenD → 4 : (D − 4)B1(p21,m0,m1) = 1 + 0(D − 4).
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2.

Bμν(p1,m0,m1) = ⟨|
qμqν

(q2 − m2
0) [(q + p1)2 − m2

1]
|⟩q = gμνB00(p21,m0,m1) + p1μp1νB11(p21,m0,m1)

(D.2.18)

• Multiply by gμν :

DB00(p21,m0,m1) + p21B11(p21,m0,m1) = ⟨| (q2 − m2
0) + m2

0

(q2 − m2
0) [(q + p1)2 − m2

1]
|⟩q

= A0(m1) + m2
0B1(p21,m0,m1)

(D.2.19)

• Multiply by pμ1

p1ν
[
B00(p21,m0,m1) + p21B11(p21,m0,m1)

]
= ⟨|

qν
{
1
2 [(q + p1)2 − m2

1] − 1
2(q

2 − m2
0) − 1

2(p
2
1 − m2

1 + m2
0)
}

(q2 − m2
0) [(q + p1)2 − m2

1]
|⟩1

= p1ν
[1
2
A0(m1) − 1

2
(p21 − m2

1 + m2
0)B1(p21,m0,m1)

]
,

(D.2.20)

we get set of equations :

DB00(p21,m0,m1) + p21B11(p21,m0,m1) = A0(m1) + m2
0B1(p21,m0,m1)

B00(p21,m0,m1) + p21B11(p21,m0,m1) = 1
2A0(m1) − 1

2(p
2
1 − m2

1 + m2
0)B1(p21,m0,m1)

, (D.2.21)

⇒

B00 = 1
2(D−1) [A0(m1) + 2m2

0B0(p21,m0,m1) + (p21 − m2
1 + m2

0)B1(p21,m0,m1)]

B11 = 1
2(D−1)p21

[(D − 2)A0(m1) − 2m2
0B0(p21,m0,m1) − D(p21 − m2

1 + m2
0)B1(p21,m0,m1)]

.

(D.2.22)
WhenD → 4 :B00 = 1

6

[
A0(m1) + 2m2

0B0 + (p21 − m2
1 + m2

0)B1 + m2
0 + m2

1 − p21
3

]
B11 = 1

6p21

[
2A0(m1) − 2m2

0B0 − 4(p21 − m2
1 + m2

0)B1 − m2
0 − m2

1 + p21
3

] , (D.2.23)

and : (D − 4)B00(p21,m0,m1) = −1
6 (p21 − 3m2

0 − 3m2
1) + O(D − 4)

(D − 4)B11(p21,m0,m1) = 2
3 + O(D − 4)

. (D.2.24)

D.2.3 The derivative of two-point function

1.
B0(p2, λ,m) = ⟨| (q2 − λ2)

[
(q + p)2 − m2

]
|⟩q (D.2.25)
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B′
0(p2, λ,m)

∣∣∣
p2=m2

= ∂B0(p2, λ,m)
∂p2

∣∣∣∣∣
p2=m

(D.2.26)

= ∂

∂p2

{
−
∫ 1

0
dx log

[
x2p2 − x(p2 − m2 + λ2) + λ2 + iε

μ2

]}∣∣∣∣∣
p2=m2

(D.2.27)

= ∂

∂p2

{
−
∫ 1

0
dx log

[
x2p2

m2 − x
p2 − m2 + λ2

m2 + λ2

m2 − iε
]}∣∣∣∣∣

p2=m2

(D.2.28)

= −
∫ 1

0
dx

1
m2

x2 − x
x2 − λ2

m2 x + λ2
m2 − iε

≈ −
∫ 1

0
dx

1
m2

x2 − x
x2 + λ2

m2 − iε
(D.2.29)

Because ∂B0(p2,λ,m)
∂p2

∣∣∣
p2=m2

is real,

proof:

∂B0(p2, λ,m)
∂p2

∣∣∣∣∣
p2=m2

− ∂B∗
0(p2, λ,m)

∂p2

∣∣∣∣∣
p2=m2

= −
∫ 1

0
dx

1
m2

 x2 − x
x2 − λ2

m2 x + λ2
m2 − iε

− x2 − x
x2 − λ2

m2 x + λ2
m2 + iε


(D.2.30)

= −2iε
∫ 1

0
dx

1
m2

x2 − x∣∣∣x2 − λ2
m2 x + λ2

m2 − iε
∣∣∣2 ε → 0−−−→ 0.

(D.2.31)

So equation Eq.(D.2.29) become :

Re

−
∫ 1

0
dx

1
m2

x2 − x(
x − iλ

m

) (
x + iλ

m

)
 = Re

[
− 1
2m2

∫ 1

0
dx
(
x − 1
x − iλ

m
+ x − 1

x + iλ
m

)]
(D.2.32)

= − 1
2m2Re

{
1 +

(
iλ
m

− 1
)[

log
(
1 − iλ

m

)
− log

(
−iλ
m

)]

+1 +
(

−iλ
m

− 1
)[

log
(
1 + iλ

m

)
− log

(
iλ
m

)]}
(D.2.33)

= −1
2m2

[
2 + 2 log

(
λ
m

)]
= −1

m2

[
log

(
λ
m

)
+ 1

]
. (D.2.34)

2.
B′
0(0,m,m) = ∂

∂p2
B0(p2,m,m)

∣∣∣∣∣
p2=0

= 1
6m2 . (D.2.35)

D.3 Three-point functions

D.3.1 Scalar

1.
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Figure 23: Singularity Three-point function

We will use the mass-regularization to compute it :

C0(p1, p2, λ,m,m) = 1
iπ2

∫
d4q

{
(q2 − λ2)[(q + p1)2 − m2][(q + p2)2 − m2]

}−1
(D.3.1)

= ⟨|
{
(q2 − λ2)[(q + p1)2 − m2][(q + p2)2 − m2]

}−1
|⟩q (D.3.2)

Using the Feynman parametrization [15]:

{
(q2 − λ2)[(q + p1)2 − m2][(q + p2)2 − m2]

}−1
(D.3.3)

= 2
∫ 1

0
dx
∫ 1−x

0
dy
{
(q2 − λ2)x + [(q + p1)2 − m2](1 − x − y) + [(q + p2)2 − m2]y

}−3
(D.3.4)

= 2
∫ 1

0
dx
∫ 1−x

0
dy
{
[q + p1(1 − x − y) + yp2]2 − p21(1 − x − y)2

−y2p22 − 2p1p2y(1 − x − y) − λ2x + iε
}−3

(D.3.5)

with p21 = p22 = m2.

⇒ C0(p1, p2, λ,m,m) (D.3.6)

= 2
∫ 1

0
dx
∫ 1−x

0
dy ⟨|

{
[q + p1(1 − x − y) + yp2]2 − p21(1 − x − y)2 (D.3.7)

−y2p22 − 2p1p2y(1 − x − y) − λ2x + iε
}−3

|⟩q

= −
∫ 1

0
dx
∫ 1−x

0
dy
{
[p1(1 − x − y) + yp2]2 + λ2x − iε

}−1
(D.3.8)

= −
∫ 1

0
dx
∫ x

0
dy
{
[p1(x − y) + yp2]2 + (1 − x)λ2 − iε

}−1
(D.3.9)

= −
∫ 1

0
dx
∫ 1

0
dy x

{
[p1x(1 − y) + xyp2]2 + (1 − x)λ2 − iε

}−1
(set yn = yo

x
) (D.3.10)

= −
∫ 1

0
dx
∫ 1

0
dy

y
y2 [p1(1 − x) + xp2]2 + (1 − y)λ2 − iε

(x ↔ y). (D.3.11)
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Set P2x = [p1(1 − x) + xp2]2 and P̄2x = [p1(1 − x) + xp2]2 − iε :

⇒ C0(p1, p2, λ,m,m) = −
∫ 1

0
dx
∫ 1

0
dy

y
y2P̄2x + (1 − y)λ2

(D.3.12)

= −
∫ 1

0
dx
∫ 1

0
dy

1
2P̄2x

[
2yP̄2x − λ2

y2P̄2x + (1 − y)λ2
+ λ2

y2P̄2x + (1 − y)λ2

]
, (D.3.13)

take the limit λ → 0, the second term be vanished :

C0(p1, p2, λ,m,m) = −
∫ 1

0
dx

1
2P̄2x

(
log P̄2x − log λ2

)
(D.3.14)

= log
(
λ2

m2

)∫ 1

0
dx

1
2P̄2x

−
∫ 1

0
dx

1
2P̄2x

log
P̄2x
m2 . (D.3.15)

Calculating the divergent term log
(

λ2
m2

) ∫ 1
0 dx 1

2P̄2x
:

∫ 1

0

dx
P̄2x

=
∫ 1

0

dx
[p1(1 − x) + xp2]2 − iε

=
∫ 1

0

dx
t̄x2 − t̄x + m2 =

∫ 1

0

dx
t̄ (x − x1) (x − x2)

, (D.3.16)

with x1, x2 is solution of P̄2x = m2 − t̄x + t̄x2 = 0 and t̄ = t + iε = (p1 − p2)2 + iε.

⇒
∫ 1

0

dx
P̄2x

=
∫ 1

0

dx
t̄ (x1 − x2)

[ 1
x − x1

− 1
x − x2

]
= 1

t̄ (x1 − x2)

[
log

(x1 − 1
x1

)
− log

(x2 − 1
x2

)]
.

(D.3.17)

With:

xt =

√
1 − 4m2/̄t − 1√
1 − 4m2/̄t + 1

= x1 − 1
x1

= x2
x2 − 1

(D.3.18)

and:
xt

m2(1 − x2t )
= 1

t̄ (x2 − x1)
. (D.3.19)

⇒
∫ 1

0

dx
P̄2x

= −xt
m2 (1 − x2t )

2 log(xt), (D.3.20)

we get final result of divergent term containing the singularity of λ :

log
(
λ2

m2

)∫ 1

0
dx

1
2P̄2x

= −xt
m2 (1 − x2t )

log(xt) log
(
λ2

m2

)
. (D.3.21)
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Calcualting the finite term−
∫ 1
0 dx 1

2P̄2x
log P̄2x

m2 :

−
∫ 1

0
dx

1
2P̄2x

log
P̄2x
m2 = −

∫ 1

0

dx
2

1
t̄ (x1 − x2)

[ 1
x − x1

− 1
x − x2

] [
log(x − x1) + log(x − x2) + log

t̄
m2

]
(D.3.22)

= xt
m2(1 − x2t )

∫ 1

0

dx
2

{[ 1
x − x1

− 1
x − x2

]
[log(x − x1) + log(x − x2)] +

[ 1
x − x1

− 1
x − x2

]
log

t̄
m2

}
(D.3.23)

= xt
2m2(1 − x2t )

{[
log

(x1 − 1
x1

)
− log

(x2 − 1
x2

)]
log

t̄
m2

}
+ xt

2m2(1 − x2t )

∫ 1

0
dx
[ 1
x − x1

− 1
x − x2

]
(D.3.24)

× {[log(x − x1) + log(x − x2) − log(x1 − x2) − log(x2 − x1)] + [log(x2 − x1) + log(x1 − x2)]}
(D.3.25)

= xt
2m2(1 − x2t )

{[
log

t̄
m2 + log(x1 − x2) + log(x2 + x1)

]
2 log(xt)

}
(D.3.26)

+ xt
2m2(1 − x2t )

∫ 1

0
dx
[ 1
x − x1

− 1
x − x2

]
[log(x − x1) + log(x − x2) − log(x1 − x2) − log(x2 − x1)] .

(D.3.27)

We have :

∂

∂z
Li2

(z − a
z − b

)
= −

( 1
z − a

− 1
z − b

)
log

(
a − b
z − b

)
(D.3.28)

⇒ −Li2
(A − a
A − b

)
+ Li2

(a
b

)
=
∫ A

0
dz
( 1
z − a

− 1
z − b

)
[log(a − b) − log(z − b)] . (D.3.29)

⇒ −
∫ 1

0
dx

1
2P̄2x

log
P̄2x
m2 = xt

2m2(1 − x2t )

{[
log

t̄
m2 + log(x1 − x2) + log(x2 + x1)

]
2 log(xt) (D.3.30)

+
[
Li2

x2
x1

− Li2
1 − x2
1 − x1

+ Li2
1 − x1
1 − x2

− Li2
x1
x2

]}
(D.3.31)

= xt
2m2(1 − x2t )

{
log

[
−t̄
m2 (x1 − x2)2

]
2 log(xt) +

[
Li2(−xt) − Li2

(−1
xt

)
+ Li2(−xt) − Li2

(−1
xt

)]}
(D.3.32)

= xt
2m2(1 − x2t )

[
2 log(xt) log

(1 + xt)2

xt
+ 4Li2(−xt) + 2π2

6
+ log2(xt)

]
(D.3.33)

= xt
m2(1 − x2t )

{
log(xt)

[
2 log(1 + xt) − 1

2
log2(xt)

]
+ 2Li2(−xt) + π2

6

}
. (D.3.34)
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We used some below correlation :

log
t̄
m2 + log(x1 − x2) + log(x2 − x1) = log

[
−t̄
m2 (x1 − x2)2

]
(D.3.35)

Li2(−xt) − Li2
(−1
xt

)
+ Li2(−xt) − Li2

(−1
xt

)
= 4Li2(−xt) + 2π2

6
+ log2 xt (D.3.36)

log
[

−t̄
m2 (x1 − x2)2

]
= log(1 + xt)2 − log(xt) (D.3.37)

−Li2
1
z

− π2

6
− 1

2
log2(−z) = Li2(z). (D.3.38)

2. Convergent three-point function

C0(q, p, 0, 0,m) = ⟨| 1
n2(n + q)2 [(n + p)2 − m2]

|⟩n with : p2 = m2 (D.3.39)

= −
∫ 1

0
dx
∫ 1

0
dyx

{
[px(1 − y) + yxq]2 − q2yx

}−1
(D.3.40)

= −
∫ 1

0
dx
∫ 1

0
dy
{
x [p(1 − y) + yq]2 − q2y

}−1
(D.3.41)

= −
∫ 1

0
dy
ln
[

(p(1−y)+yq)2−q2y
−q2y

]
(p(1 − y) + yq)2

apply : pq = q2

2
(D.3.42)

= −
∫ 1

0
dy

ln
[
p2(1−y)2

−q2y

]
p2(1 − y)2 + q2y

= −
∫ 1

0
dy

ln
[

p2y2
−q2(1−y)

]
p2y2 + q2(1 − y)

. (D.3.43)

Consider :
∫ 1

0

lnA(x) − lnB(x)
A(x) − B(x)

dx =
∫ 1

0

lnA(x) − lnB(x)
a(x − x1)(x − x2)

dx, (D.3.44)

with x1,x2 are the solutions of equation A(x) − B(x) = 0.

∫ 1

0

lnA(x) − lnB(x)
A(x) − B(x)

dx =
∫ 1

0
[lnA(x) − lnB(x)]

( 1
x − x1

− 1
x − x2

) 1
a(x1 − x2)

, (D.3.45)

with the x1 terms :

∫ 1

0

lnA(x) − lnB(x)
x − x1

dx =
∫ 1

0

lnA(x) − lnA(x1)
x − x1

dx +
∫ 1

0

lnB(x1) − lnB(x)
x − x1

dx, (D.3.46)

similar for x2.

From Eq. (D.3.43), we get 0 < y1 < 1, y2 < 0 are the solutions of equation y2 + q2
p2 (1 − y) = 0. We split

into two parts corresponding to y1, y2 :
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• ∫ 1

0
dy
ln
[

p2y2
−q2(1−y)

]
y − y1

=
∫ 1

0
dy
ln(p2y2) − ln [−q2(1 − y)]

y − y1
(D.3.47)

+

∫ 1

0

2 ln y − 2 ln y1
y − y1

dy =
∫ 1−y1

−y1

2 ln
(
1 + y

y1

)
y

dy =
(∫ 1−y1

0
−
∫ −y1

0

) 2 ln
(
1 + y

y1

)
y

dy

(D.3.48)

=
∫ 1

0

dy
y
2 ln

(
1 + y

1 − y1
y1

)
−
∫ 1

0

dy
y
2 ln (1 − y) = −2Li2

(
y1 − 1
y1

)
+ 2Li2(1)

(D.3.49)

+
∫ 1

0

ln[−q2(1 − y1)] − ln[−q2(1 − y)]
y − y1

dy = −
∫ 1

0

ln y − ln(1 − y1)
1 − y1 − y

dy (D.3.50)

=
∫ y1

y1−1

ln
(
1 + y

1−y1

)
y

dy =
(∫ y1

0
−
∫ y1−1

0

) ln
(
1 + y

1−y1

)
y

dy (D.3.51)

=
∫ 1

0

dy
y
ln
(
1 + y

y1
1 − y1

)
−
∫ 1

0

dy
y
ln(1 − y) = −Li2

(
y1

y1 − 1

)
+ Li2(1). (D.3.52)

• ∫ 1

0
dy
ln
[

p2y2
−q2(1−y)

]
y − y2

=
∫ 1

0
dy
ln
(

p2
−q2

)
+ ln

(
y2
1−y

)
y − y2

(D.3.53)

+

∫ 1

0
dy
ln
(

p2
−q2

)
y − y2

= ln
(

p2

−q2

)
ln
(
y2 − 1
y2

)
(D.3.54)

+

∫ 1

0
dy
ln
(

y2
1−y

)
y − y2

=
∫ 1

0

2 ln y
y − y2

dy +
∫ 1

0

ln y
y − (1 − y2)

dy (D.3.55)

=
∫ 1

0
dy
∫ y

1
2
dt
t

1
y − y2

+
∫ 1

0
dy
∫ y

1

dt
t

1
y − (1 − y2)

(D.3.56)

= −2
∫ 1

0

dt
t

∫ t

0
dy

1
y − y2

−
∫ 1

0

dt
t

∫ t

0
dy

1
y − (1 − y2)

(D.3.57)

= −2
∫ 1

0

dt
t
ln
(
1 − t

y2

)
−
∫ 1

0

dt
t
ln
(
1 − t

1 − y2

)
(D.3.58)

= 2Li2
(
1
y2

)
+ Li2

(
1

1 − y2

)
. (D.3.59)
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⇒ C0(q, p, 0, 0,m) = ⟨| 1
n2(n + q)2 [(n + p)2 − m2]

|⟩n

= 1
p2(y2 − y1)

[
−2Li2

(
y1 − 1
y1

)
+ 3Li2(1) − Li2

(
y1

y1 − 1

)
− ln

(
p2

−q2

)
ln
(
y2 − 1
y2

)

−2Li2
(
1
y2

)
− Li2

(
1

1 − y2

)]
.

(D.3.60)

D.3.2 Tensor

1.

Cμ(p1, p2,m0,m1,m2) = ⟨|
qμ

(q2 − m2
0) [(q + p1)2 − m2

1] [(q + p2)2 − m2
2]

|⟩q

= p1μC1 + p2μC2,

(D.3.61)

with p21 = m2
1 and p22 = m2

2.

• Multiply by pμ1 :

p21C1 + p1p2C2 = ⟨|
1
2 [(q + p1)2 − m2

1] − 1
2(q

2 − m2
0) − 1

2m
2
0

(q2 − m2
0) [(q + p1)2 − m2

1] [(q + p2)2 − m2
2]

|⟩q (D.3.62)

= 1
2
B0(p21,m0,m1) − 1

2
B0((p1 − p2)2,m2,m1) − 1

2
m2

0C0. (D.3.63)

• Multiply by pμ2 :

p1p2C1 + p22C2 = ⟨|
1
2 [(q + p2)2 − m2

2] − 1
2(q

2 − m2
0) − 1

2m
2
0

(q2 − m2
0) [(q + p1)2 − m2

1] [(q + p2)2 − m2
2]

|⟩q (D.3.64)

= 1
2
B0(p22,m0,m2) − 1

2
B0((p1 − p2)2,m1,m2) − 1

2
m2

0C0. (D.3.65)

The solutions C1(p1, p2,m0,m1,m2),C2(p1, p2,m0,m1,m2) :

 p21 p1p2
p1p2 p22

C1

C2

 =

 1
2B0(p21,m0,m1) − 1

2B0((p1 − p2)2,m2,m1) − 1
2m

2
0C0

1
2B0(p22,m0,m2) − 1

2B0((p1 − p2)2,m1,m2) − 1
2m

2
0C0

 . (D.3.66)

WhenD → 4 : (D− 4)Cμ = O(D− 4) ⇒ UV-convergentCμ(p1, p2,m0,m1,m2). Special case : m0 = 0
→ IR-convergent Cμ(p1, p2, 0,m1,m2).

2. Convergent second tensor three-point function

Cβ(−q, p, 0, 0,m) = ⟨|
nβ

n2(n − q)2 [(n + p)2 − m3]
|⟩n with : p′2 = m2

= −qβC1(−q, p, 0, 0,m) + pβC2(−q, p, 0, 0,m).
(D.3.67)
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• Multiply by qβ :

−q2C1 + qpC2 = ⟨| qn
n2(n − q)2 [(n + p)2 − m3]

|⟩n

= 1
2

⟨| n2 + q2 − (n − q)2

n2(n − q)2 [(n + p)2 − m3]
|⟩n

= 1
2

[
B0((q + p)2, 0,m) − B0(p2, 0,m) + q2C0(−q, p, 0, 0,m)

]
= 1

2
q2C0(−q, p, 0, 0,m).

(D.3.68)

• Multiply by pβ :

−pqC1 + m2C2 = ⟨| pn
n2(n − q)2 [(n + p)2 − m3]

|⟩n

= 1
2

⟨| (n + p)2 − n2 − m2

n2(n − q)2 [(n + p)2 − m3]
|⟩n

= 1
2

[
B0(q2, 0, 0) − B0((q + p)2, 0,m)

]
.

(D.3.69)

The solutions of C1(−q, p, 0, 0,m), C2(−q, p, 0, 0,m) :

−q2 qp
−pq p22

C1

C2

 =

 1
2q

2C0(−q, p, 0, 0,m)
1
2 [B0(q2, 0, 0) − B0((q + p)2, 0,m)]

 . (D.3.70)

⇒ Cβ(−q, p, 0, 0,m) → convergent.

3.

Cμν(p1, p2, 0,m,m) = ⟨|
qμqν

q2 [(q + p1)2 − m2] [(q + p2)2 − m2]
|⟩q

= gμνC00 + p1μp1νC11 + p2μp2νC22 + (p1μp2ν + p2μp1ν)C12,

(D.3.71)

with p21 = p22 = m2.

• Multiply by gμν :

DC00 + p21C11 + p22C22 + 2p1p2C12 = B0((p1 − p2)2,m,m) (D.3.72)

• Multiply by pμ1 :

C00 + p21C11 + p1p2C12 = 1
2 [B1((p1 − p2)2,m,m) + B0((p1 − p2)2,m,m)]

p21C12 + p1p2C22 = 1
2 [B1(p22, 0,m) − B1((p1 − p2)2,m,m)]

(D.3.73)
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• Multiply by pμ2 :

C00 + p22C22 + p1p2C12 = 1
2 [B1((p1 − p2)2,m,m) + B0((p1 − p2)2,m,m)]

p22C12 + p1p2C11 = 1
2 [B1(p21, 0,m) − B1((p1 − p2)2,m,m)]

(D.3.74)

⇒ C00 = 1
2 − D

[
B1((p1 − p2)2,m,m)

]
(D.3.75)

= 1
2

[
−B1((p1 − p2)2,m,m) + 1

2

]
+ O(D − 4). (D.3.76)

= △
4

+ finite term (D.3.77)

WhenD → 4 : (D − 4)C00 = − 1
2 . The C11,C22,C12 solutions:

 p22 p1p2
p1p2 p21

C22

C12

 =

 1
2 [B0((p1 − P2)2,m,m) − B1((p1 − p2)2,m,m)] + (1 − D)C00

1
2 [B1(p22, 0,m) − B1((p1 − p2)2,m,m)]

 ,

(D.3.78)
and : p21 p1p2

p1p2 p22

C11

C12

 =

 1
2 [B0((p1 − P2)2,m,m) − B1((p1 − p2)2,m,m)] + (1 − D)C00

1
2 [B1(p21, 0,m) − B1((p1 − p2)2,m,m)]

 .

(D.3.79)
⇒ C11,C22,C12 : convergent.

D.4 Four-point functions

D.4.1 Scalar

Scalar four-point function in the first Box diagram Fig. (10) :

D0 = ⟨| 1
(n2 − λ2)

[
(n − q)2 − λ2

]
[(n − k′)2 − m2

e ]
[
(n + p′)2 − m2

μ

] |⟩n

= ⟨| 1
(n2 − λ2)

[
(n + q)2 − λ2

]
[(n − k)2 − m2

e ]
[
(n + p)2 − m2

μ

] |⟩n .
(D.4.1)

Because of C0(−k′, p′, λ,me,mμ) = C0(−k, p, λ,me,mμ) = C0(m2
e , s,m2

μ, λ,me,mμ).

q2D0 = ⟨| −2nq
(n2 − λ2)

[
(n − q)2 − λ2

]
[(n − k′)2 − m2

e ]
[
(n + p′)2 − m2

μ

] |⟩n (D.4.2)

⇒ −q2

2
D0(−q, −k′, p′, λ, λ,me,mμ) =
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⟨|

(
n + 1

2q
)2

− 1
4q

2

(n2 − λ2)
[
(n − q)2 − λ2

]
[(n − k′)2 − m2

e ]
[
(n + p′)2 − m2

μ

] |⟩n − C0(k′2, s, p′2, λ,me,mμ) (D.4.3)

We split into two parts, the finite term ⟨| (n+ 1
2 q)

2
− 1

4 q
2

(n2−λ2)[(n−q)2−λ2][(n−k′)2−m2
e ][(n+p′)2−m2

μ] |⟩n and the IR-divergent term

C0(k′2, s, p′2, λ,me,mμ).
The IR-divergent term
We apply the same calculating process C0(p1, p2, λ,m,m) Eq. (D.3.2) :

C0(k′2, s, p′2, λ,me,mμ) = −
∫ 1

0

dx
2P̄2x

(
ln P̄x − ln λ2

)
(D.4.4)

= ln
(

λ2

−q̄2

)∫ 1

0

dx
2P̄2x

−
∫ 1

0

dx
2P̄2x

ln
(

P̄2x
−q̄2

)
(D.4.5)

= ln
(
λ2

−t̄

)∫ 1

0

dx
2P̄2x

−
∫ 1

0

dx
2P̄2x

ln
(
P̄2x
−t̄

)
. (D.4.6)

The second finite term : −
∫ 1
0

dx
2P̄2x

ln
(
P̄2x
−t̄

)
should be cancelled by the initial finite

term : ⟨| (n+ 1
2 q)

2
− 1

4 q
2

(n2−λ2)[(n−q)2−λ2][(n−k′)2−m2
e ][(n+p′)2−m2

μ] |⟩n, but I have not been able to prove this. We will only consider
the first IR-divergent term :

ln
(
λ2

−t̄

)∫ 1

0

dx
2P̄2x

= ln
(
λ2

−t̄

)∫ 1

0

dx
s̄x2 + (m2

e − m2
μ − s̄)x + m2

μ
(D.4.7)

= ln
(
λ2

−t̄

)∫ 1

0

dx
s̄(x − x1)(x − x2)

(D.4.8)

= ln
(
λ2

−t̄

)
1

s̄(x1 − x2)

[
ln
(x1 − 1

x1

)
− ln

(x2 − 1
x2

)]
, (D.4.9)

with x1,x2 are the solutions of :
s̄x2 + (m2

e − m2
μ − s̄)x + m2

μ = 0, (D.4.10)

△ = m2
e + m2

μ − 2̄sm2
e − 2̄sm2

μ − m2
em

2
μ + s̄ (D.4.11)

= (̄s − m2
e − m2

μ) − 4m2
μm

2
e (D.4.12)

=
[̄
s − (me − mμ)2 − 4m2

μm
2
e

] [̄
s − (me − mμ)2

]
(D.4.13)

=
[̄
s − (me − mμ)2

]2 [
1 −

4memμ

s̄ − (me − mμ)2

]
, (D.4.14)

⇒ x1, x2 =
s̄ + m2

μ − m2
e ±

√
△

2̄s
. (D.4.15)
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And :

xs =

√
1 − 4memμ

s̄−(me−mμ)2 − 1√
1 − 4memμ

s̄−(me−mμ)2 + 1
.

We have :
(+)

1 − x2s =
4
√
1 − 4memμ

s̄−(me−mμ)2(√
1 − 4memμ

s̄−(me−mμ)2 + 1
)2 (D.4.16)

⇒(1 − x2s )
−xs

=

√
1 − 4memμ

s̄−(me−mμ)2 + 1

1 −
√
1 − 4memμ

s̄−(me−mμ)2

4
√
1 − 4memμ

s̄−(me−mμ)2(√
1 − 4memμ

s̄−(me−mμ)2 + 1
)2 (D.4.17)

=
4
√
1 − 4memμ

s̄−(me−mμ)2

1 −
(√

1 − 4memμ
s̄−(me−mμ)2

)2 =

[̄
s − (me − mμ)2

]√
1 − 4memμ

s̄−(me−mμ)2

memμ
, (D.4.18)

⇒
(1 − x2s )memμ

−xs
=
[̄
s − (me − mμ)2

]√√√√1 −
4memμ

s̄ − (me − mμ)2
=
√

△ = (x1 − x2)̄s. (D.4.19)

(+)

x1 − 1
x1

.
x2

x2 − 1
= x1x2 − x2

x1x2 − x1
=

s̄ − m2
μ − m2

e −
√

△
s̄ − m2

μ − m2
e +

√
△

(D.4.20)

⇒ 1 −
s̄ − m2

μ − m2
e −

√
△

s̄ − m2
μ − m2

e +
√

△
= 2

√
△

s̄ − m2
μ − m2

e +
√

△
(D.4.21)

=
2
[̄
s − (mμ − me)2

]√
1 − 4memμ

s̄−(me−mμ)2

s̄ − m2
μ − m2

e +
√

△
(D.4.22)

=
4
√
1 − 4memμ

s̄−(me−mμ)2

2(̄s−m2
μ−m2

e )+2
√

△
s̄−(mμ−me)2

=
4
√
1 − 4memμ

s̄−(me−mμ)2

2[̄s−(mμ−me)2−2mμme]
s̄−(mμ−me)2 + 2

√
1 − 4memμ

s̄−(me−mμ)2

(D.4.23)

=
4
√
1 − 4memμ

s̄−(me−mμ)2

1 + 1 − 4memμ
s̄−(mμ−me)2 + 2

√
1 − 4memμ

s̄−(me−mμ)2

(D.4.24)

=
4
√
1 − 4memμ

s̄−(me−mμ)2

1 +
(√

1 − 4memμ
s̄−(me−mμ)2

)2
+ 2

√
1 − 4memμ

s̄−(me−mμ)2

=
4
√
1 − 4memμ

s̄−(me−mμ)2(√
1 − 4memμ

s̄−(me−mμ)2 + 1
)2 (D.4.25)

70



D.4 Four-point functions D N-POINT INTEGRALS


= 1 − x2s (D.4.26)

⇒
s̄ − m2

μ − m2
e −

√
△

s̄ − m2
μ − m2

e +
√

△
= x1 − 1

x1
.

x2
x2 − 1

= x2s (D.4.27)

Using Eq. (D.4.27) and Eq. (D.4.19), we get the final result of Eq .(D.4.9) :

ln
(
λ2

−t̄

)
1

s̄(x1 − x2)

[
ln
(x1 − 1

x1

)
− ln

(x2 − 1
x2

)]
= −xs

(1 − x2s )memμ
ln(xs) ln

(
λ2

−t̄

)
, (D.4.28)

or :

D0(−q, −k′, p′, λ, λ,me,mμ) = −2xs
(1 − x2s )q2memμ

ln(xs) ln
(
λ2

−t̄

)
. (D.4.29)

The same result forD0(−q, −k′, −p, λ, λ,me,mμ) in the second Box diagram with substitution of xs → xu.

D.4.2 Tensor

1. Fist rank tensor in the Box diagrams Fig. (10) :

Dμ(−q, −k′, p′, λ, λ,me,mμ) = ⟨|
nμ

(n2 − λ2)
[
(n − q)2 − λ2

]
[(n − k′)2 − m2

e ]
[
(n + p′)2 − m2

μ

] |⟩n

= −qμD1 − k′
μD2 + p′

μD3.

(D.4.30)

We are using below identities :

k′q = q2

2
kq = −q2

2
, (D.4.31)

pq = q2

2
p′q = −q2

2
. (D.4.32)

• Multilpy by qμ :

− q2D1 − q2

2
D2 − q2

2
D3 = ⟨| nq

(n2 − λ2)
[
(n − q)2 − λ2

]
[(n − k′)2 − m2

e ]
[
(n + p′)2 − m2

μ

] |⟩n

(D.4.33)

= 1
2

⟨| −(n − q)2 + n2 + q2

(n2 − λ2)
[
(n − q)2 − λ2

]
[(n − k′)2 − m2

e ]
[
(n + p′)2 − m2

μ

] |⟩n (D.4.34)

= 1
2

⟨| −1
(n2 − λ2) [(n − k′)2 − m2

e ]
[
(n + p′)2 − m2

μ

] |⟩n (D.4.35)

+ ⟨| 1[
(n − q)2 − λ2

]
[(n − k′)2 − m2

e ]
[
(n + p′)2 − m2

μ

] |⟩n + q2D0(−q, −k′, p′, λ, λ,me,mμ)
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= 1
2
q2D0(−q, −k′, p′, λ, λ,me,mμ), (D.4.36)

• Multilpy by k′μ :

− q2

2
D1 − m2

eD2 + k′p′D3 = ⟨| nk′

(n2 − λ2)
[
(n − q)2 − λ2

]
[(n − k′)2 − m2

e ]
[
(n + p′)2 − m2

μ

] |⟩n

(D.4.37)

= 1
2

⟨| n2 − [(n − k′)2 − m2
e ]

(n2 − λ2)
[
(n − q)2 − λ2

]
[(n − k′)2 − m2

e ]
[
(n + p′)2 − m2

μ

] |⟩n (D.4.38)

= 1
2

C0(−k, p, λ,me,mμ) − ⟨| 1
n2(n − q)2

[
(n + p′)2 − m2

μ

] |⟩n

 . (D.4.39)

• Multilpy by p′μ :

q2

2
D1 − p′k′D2 + m2

μD3 = ⟨| np′

(n2 − λ2)
[
(n − q)2 − λ2

]
[(n − k′)2 − m2

e ]
[
(n + p′)2 − m2

μ

] |⟩n

(D.4.40)

= 1
2

⟨|
−n2 +

[
(n − p′)2 − m2

μ

]
(n2 − λ2)

[
(n − q)2 − λ2

]
[(n − k′)2 − m2

e ]
[
(n + p′)2 − m2

μ

] |⟩n (D.4.41)

= 1
2

[
−C0(−k, p, λ,me,mμ) + ⟨| 1

n2(n − q)2 [(n − k′)2 − m2
e ]

|⟩n

]
. (D.4.42)

The solutionsD1(−q, −k′, p′, λ, λ,me,mμ),D2(−q, −k′, p′, λ, λ,me,mμ),D3(−q, −k′, p′, λ, λ,me,mμ) :


−q2 − q2

2 − q2
2

− q2
2 −m2

e k′p′

q2
2 −p′k′ m2

μ



D1

D2

De

 =


1
2q

2D0(−q, −k′, p′, λ, λ,me,mμ)
1
2

[
C0(−k, p, λ,me,mμ) − ⟨| 1

n2(n−q)2[(n+p′)2−m2
μ] |⟩n

]
1
2

[
−C0(−k, p, λ,me,mμ) + ⟨| 1

n2(n−q)2[(n−k′)2−m2
e ]

|⟩n
]
 . (D.4.43)

⇒ D1(−q, −k′, p′, λ, λ,me,mμ) ∼
−C0(−k, p, λ,me,mμ)

q2

→ Dμ(−q, −k′, p′, λ, λ,me,mμ) ∼ qμ
C0(−k, p, λ,me,mμ)

q2
.

(D.4.44)

The same forDμ(−q, −k′, −p, λ, λ,me,mμ).
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2. Second rank tensor in the Box diagrams Fig. (10) :

Dαβ(−q, −k′, p′, λ, λ,me,mμ) = ⟨|
nαnβ

(n2 − λ2)
[
(n − q)2 − λ2

]
[(n − k′)2 − m2

e ]
[
(n + p′)2 − m2

μ

] |⟩n

= gαβD00 + qαqβD11 + k′
αk

′
βD22 + p′

αp
′
βD33

+ (qαk′
β + k′

αqβ)D12 − (qαp′
β + p′

αqβ)D13 − (k′
αp

′
β + p′

αk
′
β)D23.

(D.4.45)

• Multiply by gαβ :

4D00 + q2D11 + m2
eD22 + m2

μD33 + q2D12 + q2D13 − 2k′p′D23 (D.4.46)

= ⟨| n2

(n2 − λ2)
[
(n − q)2 − λ2

]
[(n − k′)2 − m2

e ]
[
(n + p′)2 − m2

μ

] |⟩n = C0(−k, p, λ,me,mμ).

(D.4.47)

• Multiply by qα :

qβD00 + q2qβD11 + q2

2
k′
βD22 − q2

2
p′
βD33 + (q2k′

β + q2

2
qβ)D12 − (q2p′

β − q2

2
qβ)D13 (D.4.48)

− (q
2

2
p′
β − q2

2
k′
β)D23 = ⟨|

nβnq
(n2 − λ2)

[
(n − q)2 − λ2

]
[(n − k′)2 − m2

e ]
[
(n + p′)2 − m2

μ

] |⟩n

(D.4.49)

= 1
2

⟨|
nβ [n2 + q2 − (n − q)2]

(n2 − λ2)
[
(n − q)2 − λ2

]
[(n − k′)2 − m2

e ]
[
(n + p′)2 − m2

μ

] |⟩n = 1
2

[
Cβ(−k, p, λ,me,mμ)

(D.4.50)

+qβC0(−k, p, λ,me,mμ) − Cβ(−k′, p′, λ,me,mμ) + q2Dβ(−q, −k′, p′, λ, λ,me,mμ)
]

. (D.4.51)

• Multiply by k′α :

k′
βD00 + q2

2
qβD11 + m2

ek
′
βD22 + k′p′p′

βD33 + (q
2

2
k′
β + m2

eqβ)D12 − (q
2

2
p′
β + k′p′qβ)D13 (D.4.52)

− (m2
ep

′
β + k′p′k′

β)D23 = ⟨|
nβnk′

(n2 − λ2)
[
(n − q)2 − λ2

]
[(n − k′)2 − m2

e ]
[
(n + p′)2 − m2

μ

] |⟩n

(D.4.53)

= 1
2

⟨|
nβ (n2 − [(n − k′)2 − m2

e ])
(n2 − λ2)

[
(n − q)2 − λ2

]
[(n − k′)2 − m2

e ]
[
(n + p′)2 − m2

μ

] |⟩n (D.4.54)

= 1
2

[
Cβ(−k, p, λ,me,mμ) + qβC0(−k, p, λ,me,mμ) − Cβ(−q, p′, λ, λ,mμ)

]
. (D.4.55)
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• Multiply by p′α :

p′
βD00 − q2

2
qβD11 + p′k′k′

βD22 + m2
μp

′
βD33 + (−q2

2
k′
β + k′p′qβ)D12 − (−q2

2
p′
β + m2

μqβ)D13

(D.4.56)

− (k′p′p′
β + m2

μk
′
β)D23 = ⟨|

nβnp′

(n2 − λ2)
[
(n − q)2 − λ2

]
[(n − k′)2 − m2

e ]
[
(n + p′)2 − m2

μ

] |⟩n

(D.4.57)

= 1
2

⟨|
nβ
([

(n + p′)2 − m2
μ

]
− n2

)
(n2 − λ2)

[
(n − q)2 − λ2

]
[(n − k′)2 − m2

e ]
[
(n + p′)2 − m2

μ

] |⟩n (D.4.58)

= 1
2

[
Cβ(−q, −k′, λ, λ,me) − qβC0(−k, p, λ,me,mμ) − Cβ(−k, p, λ,me,mμ)

]
. (D.4.59)

So we get set of equations :

•

4D00 + q2D11 + m2
eD22 + m2

μD33 + q2D12 + q2D13 − 2k′p′D23 = C0(−k, p, λ,me,mμ) (D.4.60)

•

D00 + q2D11 + q2

2
D12 + q2

2
D13 = 1

2

[
C0(−k, p, λ,me,mμ) + C1(−k, p, λ,me,mμ)

+C2(−k, p, λ,me,mμ) − q2D1(−q, −k′, p′, λ, λ,me,mμ)
]

(D.4.61)

•

q2

2
D22 + q2D12 + q2

2
D23 = 1

2

[
C1(−k′, p′, λ,me,mμ) − C1(−k, p, λ,me,mμ)

]
(D.4.62)

•

−q2

2
D33 − q2D13 − q2

2
D23 = 1

2

[
−C2(−k′, p′, λ,me,mμ) + C2(−k, p, λ,me,mμ)

]
(D.4.63)

•

q2

2
D11 + m2

eD12 − k′p′D13 = 1
2

[
C0(−k, p, λ,me,mμ) + C1(−k, p, λ,me,mμ)

+C2(−k, p, λ,me,mμ) + C1(−q, p′, λ, λ,mμ)
] (D.4.64)
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•

D00 + m2
eD22 + q2

2
D12 − k′p′D23 = −1

2
C1(−k, p, λ,me,mμ) (D.4.65)

•

k′p′D33 − q2

2
D13 − m2

eD23 = 1
2

[
C2(−k, p, λ,me,mμ) − C2(−q, p′, λ, λ,mμ)

]
(D.4.66)

•

−q2

2
D11 + k′p′D12 − m2

μD23 = −1
2

[
C1(−q, −k′, λ, λ,me) + C1(−k, p, λ,me,mμ)

+C0(−k, p, λ,me,mμ)
] (D.4.67)

•

p′k′D22 − q2

2
D12 − m2

μD23 = 1
2

[
C1(−k, p, λ,me,mμ) − C2(−q, −k′, λ, λ,me)

]
(D.4.68)

•

D00 + m2
μD33 + q2

2
D13 − k′p′D23 = −1

2
C2(−k, p, λ,me,mμ). (D.4.69)

From the above set of equations, we can easy deduce out which parts being proportional to IR-divergent
value :

⇒ D11(−q, −k′, p′, λ, λ,me,mμ) ∼
C0(−k, p, λ,me,mμ)

q2

→ Dμν(−q, −k′, p′, λ, λ,me,mμ) ∼ qμqν
C0(−k, p, λ,me,mμ)

q2
.

(D.4.70)

Similar forDμν(−q, −k′, −p, λ, λ,me,mμ).

D.5 Proving the relations

• Eq.(D.3.28) :

∂

∂z
Li2

z − a
z − b

= − ∂

∂z

{∫ 1

0

dt
t
log

(
1 − z − a

z − b
t
)}

=
∫ 1

0

dt
t

(
z−a
z−b

)′
t

1 − z−a
z−b t

= −
∫ 1

0
dt
(
b − a
z − b

)
1

z − b − (z − a)t

(D.5.1)(
b − a
z − b

)
log z−b−(z−a)

z−b

z − a
= b − a

(z − b)(z − a)
log

a − b
z − b

=
[ 1
z − b

− 1
z − a

]
log

a − b
z − b

. (D.5.2)
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• Eq.(D.3.35), we have :
x1 − x2 =

√
1 − 4m2/̄t (D.5.3)

⇒ log
t̄
m2 + log (x1 − x2) + log (x2 − x1) = log

t̄
m2 + log

[
− (x1 − x2)2

]
(D.5.4)

= log
t̄
m2 + log

(
4m2/̄t − 1

)
= log

[
t̄
m2

(
4m2/̄t − 1

)]
= log

[
− t̄
m2 (x2 − x1)2

]
. (D.5.5)

• Eq.(D.3.36) :

Li2(−xt) − Li2
−1
xt

+ Li2(−xt) − Li2
−1
xt

= 2Li2(−xt) − 2Li2
(−1
xt

)
(D.5.6)

= 2Li2(−xt) − 2
[
log (−xt) + π2

6
+ 1

2
log2

1
xt

]
= 4Li2(−xt) + π2

3
+ log2 xt. (D.5.7)

• Eq.(D.3.37), considering :

1 + xt = x1 − x2
1 − x2

⇒ (x1 − x2)2

xt
= −x1

x2
(x1 − x2)2

(1 − x2)2
= (x1 − x2)2

−x1x2
, (D.5.8)

because :

xt = x1 − 1
1 − x2

= −x2
x1

x1 + x2 = 1; (D.5.9)

and

x2.x1 = m2

t̄
. (D.5.10)

⇒ (1 + xt)2

xt
= (x1 − x2)2

−m2

t̄

= −t̄
m2 (x1 − x2)2, (D.5.11)

⇒ log
[

−t̄
m2 (x1 − x2)2

]
= log

(1 + xt)2

xt
. (D.5.12)

We have :

(1 + xt)2

xt
= −t̄

m2 (x1 − x2)2 = 4 − t̄
m2 (D.5.13)

⇒ Im
[

(1 + xt)2

xt

]
< 0; (D.5.14)
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xt =

√
1 − 4m2/̄t − 1√
1 − 4m2/̄t + 1

⇒ xt − 1 = −1
x1

(D.5.15)

Im (x1) = Im


√
1 − 4m2/̄t

2

 > 0 (D.5.16)

⇒ Im (xt) = Im (xt − 1) = Im
(−1
x1

)
> 0 (D.5.17)

⇒ log
[

−t̄
m2 (x1 − x2)2

]
= log

(1 + xt)2

xt
= log (1 + xt)2 − log xt, (D.5.18)

because Im( (1+xt)2
xt ) and Im( 1

xt ) are always same sign.

77



E SOFT-PHOTONS EMISSION


E
Soft-photons emission

The amplitude matrix element without soft photons be [8]:

Figure 24: No photon emission

iM0 = A(p)us(p), (E.0.1)

the us(p) is the incoming fermion line with p2 = m2,A(p) is the remainder of the amplitude matrix. Consider
one photon emission process :

Figure 25: Bremsstrahlung process

iM = A(p − k)
i(/p − /k + m)
(p − k)2 − m2

(
−ieγμεμ

)
us(p). (E.0.2)

The numerator:

(/p − /k + m)γμεμ = (−γμ/p + 2pμ + 1
2
γμ/k − 1

2
/kγμ + mγμ)εμ (Gauge condtion εμkμ = 0) (E.0.3)

=
(
−mγμ + 2pε − iεμkνσμν

)
(σμν = i

2
[γμγν]) (E.0.4)

= 2pε − iεμkνσμν. (E.0.5)
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⇒ iM = A(p − k)
i(/p − /k + m)
(p − k)2 − m2

(
−ieγμεμ

)
us(p) = e

A(p − k)
−2pk

(
2pε − iεμkνσμν

)
us(p). (E.0.6)

In the soft-photon approximation, we neglect all terms proportional to photon momentum k in everywhere,
except in thedenominator because of IR-singularity. We can see that the second term is proportional tomagnetic
moment interaction [8]:

μB̃(k) ∼ σ iB̃i(k) ∼ σ i(−iεijlkjÃl(k)) ∼ −iεijlσ ikjεl(k) (E.0.7)

(
μ = g

e
2m

S⃗,B(x) = ▽ × A⃗, B̃(k) = iεijlklÃl(k)
)

,

physically, this approximation does not take magnetic moment interaction into account. The soft-photon ap-
proximate amplitude :

iM = e
A(p)
−2pk

2pεus(p) = −epε
pk

iM0. (E.0.8)

Similarly for the outgoing fermion line, the soft-photon approximate amplitude :

iM = ep′ε

p′k
iM0. (E.0.9)

We obtain the amplitude in two cases :

iM = eiM0

(
p′ε

p′k
− pε

pk

)
(E.0.10)

⇒ |M̄|2 = |M̄0|2
∑

ε

e2
∣∣∣∣∣p′ε

p′k
− pε

pk

∣∣∣∣∣
2

. (E.0.11)

The soft-photon cross section :

(
dσ
dΩ

)
soft

=
(
dσ
dΩ

)
LO

∫
|⃗k|≤△E

d3k
(2π)3

e2

2ωk

∑
ε

∣∣∣∣∣p′ε

p′k
− pε

pk

∣∣∣∣∣
2

, (E.0.12)

with ωk =
√
k⃗2 + λ2 and △E is a cut-off parameter which must be small enough.

Consider this below integral term :

e2

(2π)3
∫

|⃗k|≤△E

d3k
2ωk

∑
ε

[
ε∗p.εp
(kp)2

+ ε∗p′.εp′

(kp′)2
− ε∗p′.εp

kp.kp′ − ε∗p.εp′

kp.kp′

]
(E.0.13)

= −e2

(2π)3
∫

|⃗k|≤△E

d3k
2ωk

[
p2

(kp)2
+ p′2

(kp′)2
− 2pp′

kp.kp′

]
(E.0.14)
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Calculating the general term :

∫
|⃗k|≤△E

d3k
ωk

1
kp.kp′ =

∫ 1

0
dx
∫

|⃗k|≤△E

d3k
ωk

1
[kpx + (1 − x)kp′]2

(Feynman parametrization) (E.0.15)

=
∫ 1

0
dx
∫

|⃗k|≤△E

d3k
ωk

1
(kPx)2

(set :Px = px + (1 − x)p′) (E.0.16)

=
∫ 1

0
dx
∫

|⃗k|≤△E

d3k
ωk

1(
k0P0x − k⃗P⃗x

)2 =
∫ 1

0
dx
∫
k≤△E

dΩk2dk√
k2 + λ2

1
(k0P0x − kPxcosθ)2

(E.0.17)

= 2π
∫ 1

0
dx
∫ △E

0

k2dk√
k2 + λ2

∫ 0

π

dcosθ
(k0P0x − kPxcosθ)2

= 4π
∫ 1

0
dx
∫ △E

0

k2dk√
k2 + λ2

1
k02P02x − k2P2

x
(E.0.18)

= 4π
∫ 1

0
dx
∫ △E

0

k2dk√
k2 + λ2

1
k2(P02x − P2

x) + λ2P02x
=
∫ 1

0
dx

4π
P2x

∫ △E

0

k2dk√
k2 + λ2

1
k2 + λ2 P

02
x
P2x

, (E.0.19)

with P2x = P02x − P2
x and B = P02x

P2x
.

⇒
∫

|⃗k|≤△E

d3k
ωk

1
kp.kp′ =

∫ 1

0
dx

4π
P2x

∫ △E

0

dk√
k2 + λ2

[
k2 + λ2B
k2 + λ2B

− λ2B
k2 + λ2B

]
(E.0.20)

§ The IR-divergent term

∫ 1

0
dx

4π
P2x

∫ △E

0

dk√
k2 + λ2

k2 + λ2B
k2 + λ2B

=
∫ 1

0
dx

4π
P2x

∫ △E

0

dk√
k2 + λ2

=
∫ 1

0
dx

4π
P2x

log
(
k +

√
k2 + λ2

)∣∣∣∣∣
△E

0

(E.0.21)

=
∫ 1

0
dx

4π
P2x

[
log
(

△E +
√

△E2 + λ2
)

− log λ
]

=
∫ 1

0
dx

2π
P2x

log
(
2△E
λ

)2

(E.0.22)

= Re

∫ 1

0
dx

2π
P2x − iε

log
(
2△E
λ

)2
 = Re

−4π
xt

m2(1 − x2t )
log(xt) log

(
2△E
λ

)2
 , (E.0.23)

(the integral
∫ 1
0

dx
P2x

we have done it before Eq. (D.3.20) ).

§ The finite term

∫ 1

0
dx

4π
P2x

∫ △E

0

dk√
k2 + λ2

−λ2B
k2 + λ2B

=
∫ 1

0
dx

4π
P2x

∫ △E
λ

0

dy(−B)√
y2 + 1(y2 + B)

, y = k
λ

(E.0.24)

λ→0−−−→
A=−B

∫ 1

0
dx

4π
P2x

∫ ∞

0

dyA√
y2 + 1(y2 − A)

= −
∫ 1

0
dx

4π
P2x

tanh−1
(√

A+1
A

)
√
1 + 1

A

= −
∫ 1

0
dx

4π
P2x

P0x
Px

tanh−1
(
Px

P0x

)
.

(E.0.25)
Using the relation :

tanh−1z = 1
2
log

(z + 1
1 − z

)
(E.0.26)
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⇒
∫ 1

0
dx

4π
P2x

∫ △E

0

dk√
k2 + λ2

−λ2B
k2 + λ2B

=
∫ 1

0

2πdx
P2x

P0x
Px

log
(
P0x − Px

P0x + Px

)
. (E.0.27)

We’ll use and transform some variables for convenience [16]. Get q = αp such that (q − p′)2 = 0 and
q0−p′

0
p′
0

> 0:

Eq.(E.0.27) = α
∫ 1

0

2πdx
P2x

P0x
Px

log
(
P0x − Px

P0x + Px

)
. (E.0.28)

Using :

v = q2 − p′2

2l
l = q0 − p′

0 = ±|⃗q − p⃗′|

M = P0x − Px ⇒ P0x + Px = v[M − (2vp′
0 − p′2)/v]

M − v

⇒ P2x = 2vP0x − 2vp′
0 + p′2 ⇒ x = P2x − p′2

2vl
.

α
∫ 1

0

2πdx
P2x

P0x
Px

log
(
P0x − Px

P0x + Px

)
= 2πα

∫ q0−q

p′
0−p′

dM
4vl

{
2
[
1
M

+ 1
M − v

− 1
M − (2p′

0v − p′2)/v

]
− 4

M − v

}

× log
[
M − v
v

.
M

M − (2vp′0 − p′2)/v

]
(E.0.29)

= 2πα

 1
4vl

log2
(
M − v
v

.
M

M − (2p′
0v − p′2)/v

)∣∣∣∣∣
q0−q

p′
0−p′

−
∫ q0−q

p′
0−p′

dM
vl(M − v)

log
(

(M − v)M
v[M − (2vp′0 − p′2)/v]

)}
,

(E.0.30)

applying two identities (a is a constant):

d
dM

Li2[a(M + v)] = −1
M + v

log[1 − a(M + v)] (E.0.31)

log(M − a) = log
(
1 − M − v

a − v

)
+ log(v − a), (E.0.32)

extend :

log
(

(M − v)M
v[M − (2vp′0 − p′2)/v]

)
= log

(M − v
v

)
+ log(M) − log

(
M − 2p′

0v − p′2

v

)
(E.0.33)

counter each part:

–
−
∫ q0−q

p′
0−p′

dM
vl(M − v)

log
(M − v

v

)
= −1

2vl
log2

(M − v
v

)∣∣∣∣q0−q

p′
0−p′

. (E.0.34)
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–
−
∫ q0−q

p′
0−p′

dM
vl(M − v)

log(M) = 1
vl

[
Li2
(v − M

v

)
− log(v) log(M − v)

]∣∣∣∣q0−q

p′
0−p′

. (E.0.35)

–

∫ q0−q

p′
0−p′

dM
vl(M − v)

log
(
M − 2p′

0v − p′2

v

)
= −1

vl

[
Li2
(

M − v
(2p′

0v − p′2)/v − v

)

− log
(
v − 2p′

0v − p′2

v

)
log(A − v)

]∣∣∣∣∣
q0−q

p′
0−p′

.

(E.0.36)

The result of finite term:

2πα
{

1
4vl

log2
(
M − v
v

.
M

M − (2p′
0v − p′2)/v

)
− 1

2vl
log2

(M − v
v

)
+ 1

vl

[
Li2
(v − M

v

)

− log(v) log(M − v) − Li2
(

M − v
(2p′

0v − p′2)/v − v

)
+ log

(
v − 2p′

0v − p′2

v

)
log(A − v)

]}∣∣∣∣∣
q0−q

p′
0−p′

.

(E.0.37)

After some simple algebra, we changeM variable to Px. The final result of finite term :

2π α
{

1
4vl

log2
(
P0x − Px

P0x + Px

)
+ Li2

(
1 − P0x − Px

v

)
+ Li2

(
1 − P0x + Px

v

)}∣∣∣∣∣
Px=αp

Px=p′
. (E.0.38)
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F
FORM code

My FORM program calculating virtual amplitudes is shown below with the example of calculating Vertex
correction amplitude :

*
* * * * * * * * * * * * * * * L .D Truyen 12/7/2020 * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
*
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * DECLARE * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
* P a r am e t e r s and Mande l s t am v a r i a b l e s
Symbo l s a , t , s , u , e , mme ,mmu , p i ;
* P a r t i c l e s momentum
v e c t o r k , k1 , p , p1 , q ;
v e c t o r km , k1m , pm , p1m , qm ;
* D i r a c s p i n o r
f u n c t i o n U , V ;
C f u n c t i o n Ubar , Vbar ,
* P a r t i c l e s mass
m;
* * * * * * * * * * * * * * * * * * * * *
* N−p o i n t f u n c t i o n *
* * * * * * * * * * * * * * * * * * * * *
* 4− p o i n t f u n c t i o n
C f u n c t i o n Dget , Dva l , D0 , D1 , D2 , D3 , D00 , D11 , D22 , D33 , D12 , D23 , D13 ;
s ymbo l dd0 , dd1 , dd2 , dd3 , dd00 , dd11 , dd22 , dd33 , dd12 , dd23 , dd13 , i d1 , i d 2 ;
* Box s
s e t Q1 : qm , k1m , p1 , qm , k1m , qm , p1 , k1m , p1 ;
s e t P1 : qm , k1m , p1 , k1m , qm , p1 , qm , p1 , k1m ;
* Box u
s e t Q2 : qm , k1m , pm , qm , k1m , qm , pm , k1m , pm ;
s e t P2 : qm , k1m , pm , k1m , qm , pm , qm , pm , k1m ;

s e t Di : D1 , D2 , D3 ;
s e t D i i : D11 , D22 , D33 , D12 , D12 , D13 , D13 , D23 , D23 ;
s e t D: D0 , D1 , D2 , D3 , D00 , D11 , D22 , D33 , D12 , D23 , D13 ;
s e t dd : dd0 , dd1 , dd2 , dd3 , dd00 , dd11 , dd22 , dd33 , dd12 , dd23 , dd13 ;
* 3− p o i n t f u n c t i o n
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C f u n c t i o n Cget , Cva l , C0 , C1 , C2 , C00 , C11 , C22 , C12 ;
s ymbo l cc0 , cc1 , cc2 , cc00 , cc11 , cc22 , cc12 , i c 1 , i c 2 ;
* Ver e
s e t Q3 : k , k1 , k , k1 ;
s e t P3 : k , k1 , k1 , k ;
* Ver mu
s e t Q4 : p , p1 , p , p1 ;
s e t P4 : p , p1 , p1 , p ;

s e t Ci : C1 , C2 ;
s e t C i i : C11 , C22 , C12 , C12 ;
s e t C : C0 , C1 , C2 , C00 , C11 , C22 , C12 ;
s e t c c : cc0 , cc1 , cc2 , cc00 , cc11 , cc22 , c c12 ;
* 2− p o i n t f u n c t i o n
C f u n c t i o n Bge t , B v a l , B0 , B1 , B00 , B11 , dB0 , dB1 ;
s ymbo l bb0 , bb1 , bb00 , bb11 , dbb0 , dbb1 , i b1 , i b2 , i b3 , i b4 , i b5 , i b 6 ;
s e t B : B0 , B1 , B00 , B11 , dB0 , dB1 ;
s e t bb : bb0 , bb1 , bb00 , bb11 , dbb0 , dbb1 ;
* 1− p o i n t f u n c t i o n
C f u n c t i o n Aget , Ava l , A0 ;
s ymbo l aa0 , i a 1 , i a 2 ;
* * * * * * * * * * * * * * * * * * * * *
* Ten so r i n d e x
i n d i c e s i , i 1 , i 2 , j , j 1 , j 2 , mu , nu , mu1 , mu2 , nu1 , nu2 , rho , s i gma ;
*
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
* * * * * * * * * * * * * * * * Feynman Amp l i t u d e * * * * * * * * * * * * *
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
* NLO_Amplitude
* * * * * * * * * * * * * * * * * * * *
l o c a l [M_NLO]=
* * * * * * * * * * * * * * * * * * * * * * * * *
* V e r t e x 1 Amp l i t u d e
* * * * * * * * * * * * * * * * * * * * * * * * *
i _ * e ^4/( t * 1 6 * p i ^ 2 ) * Ubar ( 1 , k1 )*( − g_ ( 1 ,mu)−
2* g_ ( 1 , i , mu , j ) * ( sum_ ( a , 1 , 4 , Q3[ a ] ( i ) * P3 [ a ] ( j ) * C i i [ a ] ( k . k , t , k1 . k1 , 0 ,mme^2 ,mme^2))+
d_ ( i , j ) * C00 ( k . k , t , k1 . k1 , 0 ,mme^2 ,mme^2)+
k ( i ) * sum_ ( a , 1 , 2 , Q3[ a ] ( j ) * Ci [ a ] ( k . k , t , k1 . k1 , 0 ,mme^2 ,mme^2))+
k ( j ) * sum_ ( a , 1 , 2 , Q3[ a ] ( i ) * Ci [ a ] ( k . k , t , k1 . k1 , 0 ,mme^2 ,mme^2))+
k ( i ) * k ( j ) * C0( k . k , t , k1 . k1 , 0 ,mme^2 ,mme^2)+
q ( j ) * ( sum_ ( a , 1 , 2 , Q3[ a ] ( i ) * Ci [ a ] ( k . k , t , k1 . k1 , 0 ,mme^2 ,mme^2))+
k ( i ) * C0( k . k , t , k1 . k1 , 0 ,mme^2 ,mme^2) ) )+
4*mme* q (mu) *C0( k . k , t , k1 . k1 , 0 ,mme^2 ,mme^2)−
2*mme^2* g_ ( 1 ,mu) *C0( k . k , t , k1 . k1 , 0 ,mme^2 ,mme^2)+
8*mme* ( sum_ ( a , 1 , 2 , Q3[ a ] (mu) * Ci [ a ] ( k . k , t , k1 . k1 , 0 ,mme^2 ,mme^2))+
k (mu) *C0( k . k , t , k1 . k1 , 0 ,mme^2 ,mme^ 2 ) ) ) *U( 1 , k ) * Ubar ( 2 , p1 ) * g_ ( 2 ,mu) *U(2 , p )+
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* * * * * * * * * * * * * * * * * * * * * * * * *
* V e r t e x 2 Amp l i t ud
i _ * e ^4/( t * 1 6 * p i ^ 2 ) * Ubar ( 2 , p1 )*( − g_ ( 2 ,mu)−
2* g_ ( 2 , i , mu , j ) * ( sum_ ( a , 1 , 4 , Q4[ a ] ( i ) * P4 [ a ] ( j ) * C i i [ a ] ( p . p , t , p1 . p1 , 0 ,mmu^2 ,mmu^2))+
d_ ( i , j ) * C00 ( p . p , t , p1 . p1 , 0 ,mmu^2 ,mmu^2)+
p ( i ) * sum_ ( a , 1 , 2 , Q4[ a ] ( j ) * Ci [ a ] ( p . p , t , p1 . p1 , 0 ,mmu^2 ,mmu^2))+
p ( j ) * sum_ ( a , 1 , 2 , Q4[ a ] ( i ) * Ci [ a ] ( p . p , t , p1 . p1 , 0 ,mmu^2 ,mmu^2))+
p ( i ) * p ( j ) * C0( p . p , t , p1 . p1 , 0 ,mmu^2 ,mmu^2)−
q ( j ) * ( sum_ ( a , 1 , 2 , Q4[ a ] ( i ) * Ci [ a ] ( p . p , t , p1 . p1 , 0 ,mmu^2 ,mmu^2))+
p ( i ) * C0( p . p , t , p1 . p1 , 0 ,mmu^2 ,mmu^2))) −
4*mmu* q (mu) *C0( p . p , t , p1 . p1 , 0 ,mmu^2 ,mmu^2)−
2*mmu^2* g_ ( 2 ,mu) *C0( p . p , t , p1 . p1 , 0 ,mmu^2 ,mmu^2)+
8*mmu* ( sum_ ( a , 1 , 2 , Q4[ a ] (mu) * Ci [ a ] ( p . p , t , p1 . p1 , 0 ,mmu^2 ,mmu^2))+
p (mu) *C0( p . p , t , p1 . p1 , 0 ,mmu^2 ,mmu^ 2 ) ) ) *U( 2 , p ) * Ubar ( 1 , k1 ) * g_ ( 1 ,mu) *U(1 , k ) ;
* * * * * * * * * * * * * * * * * * * * * * * * *
* LO Amp l i t u d e c o n j u g a t e
* * * * * * * * * * * * * * * * * * * * * * * * *
l o c a l [M0* ] = − i _ * e ^2 *
* e l e c t r o n l i n e
Ubar ( 1 , k ) * g_ ( 1 , rho ) *U(1 , k1 ) *
* pho ton p r o p a g a t o r
d_ ( rho , s i gma )/ t *
* muon l i n e
Ubar ( 2 , p ) * g_ ( 2 , s i gma ) *U(2 , p1 ) ;
* * * * * * * * * * * * * * * * * * * * * * * * *
* S q u a r e Amp l i t u d e
* * * * * * * * * * * * * * * * * * * * * * * * *
l o c a l [M_NLO^2 ]=2 * 1 / 4 * [M0 * ] * [M_NLO] ;
i d k1m = −k1 ;
i d pm = −p ;
i d qm = −q ;
b r a c k e t e , t ;
p r i n t ;
. s o r t
* * * * * * * * * * * * * * * * * * * * * * * * *
* i d e n t i t i e s *
* * * * * * * * * * * * * * * * * * * * * * * * *
* D i r a c e q u a t i o n
i d U( i ? , k ? ) * Ubar ( i ? , k ? )= ( g_ ( i , k )+m( k ) ) ;
i d V( i ? , k ? ) * Vbar ( i ? , k ? )= ( g_ ( i , k)−m( k ) ) ;
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
* * * * * * T r a c e c a l c u l a t i o n * * * * * * * * * *
Trace4 , 1 ;
Trace4 , 2 ;
*
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
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* Mande l s t am v a r i a b l e t r a n s f o r m *
i d k ? { k1 , p } . q = t / 2 ;
i d k ? { k , p1 } . q = − t / 2 ;
i d q . q = t ;
i d k1 . k = mme^2− t / 2 ;
i d p1 . p = mmu^2− t / 2 ;
i d k . p = ( s−mmu^2−mme^2 ) / 2 ;
i d k1 . p1 = ( s−mmu^2−mme^2 ) / 2 ;
i d k1 . p = (mmu^2+mme^2−u ) / 2 ;
i d k . p1 = (mmu^2+mme^2−u ) / 2 ;
i d o n l y s =2*mmu^2+2*mme^2−u−t ;
* mass i d e n t i f i c a t i o n
i d k ? . k ?=m( k ) *m( k ) ;
i d m( k ? { k , k1 })=mme ;
i d m( k ? { p , p1 })=mmu;
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
* * * * Nume r i c a l c a l c u l a t i o n c o n v e n t i o n s * * * *
i d D0?D[ t ] ( ? a ) = Dva l ( dd [ t ] , Dget ( ? a ) ) ;
i d D0?C[ t ] ( ? a ) = Cva l ( c c [ t ] , Cge t ( ? a ) ) ;
i d D0?B[ t ] ( ? a ) = B v a l ( bb [ t ] , B g e t ( ? a ) ) ;
i d A0 ( ? a ) = A v a l ( aa0 , Age t ( ? a ) ) ;
* S h o r t c u t v a r i a b l e s
a r gumen t ;
i d Dget ( k1 . k1 , k . k , p . p , p1 . p1 , t , s , 0 ,mme^ 2 , 0 ,mmu^2) = i d 1 ;
i d Dget ( k1 . k1 , k . k , p1 . p1 , p . p , t , u , 0 ,mme^ 2 , 0 ,mmu^2) = i d 2 ;
i d Cge t ( k . k , t , k1 . k1 , 0 ,mme^2 ,mme^2) = i c 1 ;
i d Cge t ( p . p , t , p1 . p1 , 0 ,mmu^2 ,mmu^2) = i c 2 ;
i d Bg e t ( q . q , mme^2 ,mme^2) = i b 1 ;
i d Bg e t ( q . q ,mmu^2 ,mmu^2) = i b 2 ;
i d Bg e t (mme^2 , 0 ,mme^2) = i b 3 ;
i d Bg e t (mmu^2 , 0 ,mmu^2) = i b 4 ;
i d Bg e t ( 0 ,mme^2 ,mme^2) = i b 5 ;
i d Bg e t ( 0 ,mmu^2 ,mmu^2) = i b 6 ;
i d Age t (mme^2) = i a 1 ;
i d Age t (mmu^2) = i a 2 ;
enda r gumen t ;
*
* * * * * e x p o r t r e s u l t * * * * * * *
*
b r a c k e t e , t , u , p i ;
f o rm a t ma t h ema t i c a ;
p r i n t + s [M_NLO^ 2 ] ;
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