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Belle II school lectures

• Yoshihide Sakai (KEK, Tsukuba): ”CP violation in B decays”.

• Nguyen Van Hanh (VNUA, Hanoi): ”Practical statistics for particle

physics analyses”.

• Nguyen Thi Hong Van (IOP, VAST, Hanoi and IFIRSE, Quy Nhon):

Brief course on ROOT and its application to the data analysis in high energy

physics.

• Ha Huy Bang (VNU, Hanoi): ”Standard model and CP violation”.

• Nguyen Anh Tuan (VNU, Hanoi): Introduction to Python for scientific com-

puting.

• Takanori Hara (KEK, Tsukuba): ”Belle II detector overview”.

• Dimitri Liventsev (KEK, Tsukuba and Virginia tech, Blacksburg): Search for

New Physics particles at Belle II.

• Shohei Nishida (KEK, Tsukuba): ”Particle identification (from Belle to Belle

II)”.

• Yukioshi Onishi (KEK, Tsukuba): ”SuperKEKB”.

• Dong Van Thanh (SOKENDAI and KEK, Tsukuba): Calibration and alignment

for Belle II central drift chamber.

• Karim Trabelsi (KEK, Tsukuba): Rare B decays.

• Ikuo Ueda (KEK, Tsukuba): Computing in HEP (Belle II as illustration)”.

• Shoji Uno (KEK, Tsukuba): ”Tracking devices at Belle II”.

• Changzheng Yuan (IHEP, Beijing): ”Hadron spectroscopy at Belle, BESIII and

Belle II”.
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Search for CPV at Belle II

• Bo − B̄o mixing

p =
1√
2

1 + εB√
1 + |εB|2

, q =
1√
2

1 − εB√
1 + |εB|2

CP is violated if εB 6= 0 ⇔ |q/p 6= 1|
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Search for CPV at Belle II

• Bo − B̄o mixing
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Search for CPV at Belle II

• Bo − B̄o mixing
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Statistics and the treatment of experimental data

0.1 Characteristics of probability distribution

Random processes are described by a probability density function (PDF).

PDF gives expected frequency of occurence.

Random variable x can be continuous or discrete.

0.1.1 Cumulative distributions

Probability of finding x with x1 ≤ x ≤ x2 for x to be continuous

P (x) =

∫ x2

x1

P (x)dx (1)

And for x to be discrete

P (x) =
2∑

i=1

P (xi) (2)

The renormaliation condition for x to be continuous
∫

P (x)dx = 1 (3)

And for x to be discrete ∑

i

P (xi) = 1 (4)

0.1.2 Expectation values

For x to be continuous

E[x] =

∫
xP (x)dx (5)

And for x to be discrete

E[x] =
∑

i

xiP (xi) (6)

If f(x) is a continuous function of x then the expectation value of f(x) is

E[f(x)] =

∫
f(x)P (x)dx (7)
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0.1.3 Distribution moments. Mean and variance

The nth moment of x about some point x0 is defined as the expectation value of

(x − x0)
n.

Only two first moments are important.

First moment about zero is called mean or average of x

µ = E[x] =

∫
xP (x)dx (8)

The second central moment is call variance

σ2 = E[(x− µ)2] =

∫
(x − µ)2P (x)dx (9)

The square root of variance is call standard deviation

0.1.4 The covariance

The covariance measures linear correlation between two variables

cov(x, y) = E[(x− µx)(y − µy)] (10)

• µx: mean of x.

• µy: mean of y.

Correlation coeficient

ρ =
cov(x, y)

σx.σy

(11)

• −1 ≤ ρ ≤ 1.

• |ρ| = 1: perfectly correlated linear.

• ρ = 0: x and y are linear independent.

0.2 Some common probability distributions

0.2.1 The binomial distribution

The binomial distribution involves repeated, independent trials, which outcome

of a single trial is dichotomous.

The probability of n dichotomous trials, for example successe and failure is given

by

P (x) =
n!

(n − x)!x!
px(1 − p)n−x (12)
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Where x is number of successes (or failures), p is probability of success in a single

trial.

• x events occur with probability p each.

• n − x events occur with probability 1 − p each.

• Note that P (x) is the xth term of binomial expansion

(a + b)n =

n∑

k=0

Cn
k an−kbk (13)

Mean of binomial distribution is defined as the following

µ =
∑

x=0

xP (x) =
∑

x=1

n!

(n − x)!(x− 1)!
px(1 − p)n−x

Let N = n − 1 and y = x − 1, we can rewrite the above equation as

µ =

n∑

x=1

n!

(n − x)!(x− 1)!
px(1 − p)n−x =

N∑

y=0

(N + 1)!

(N − y)!(y)!
py+1(1 − p)N−y

= (N + 1)p
N∑

y=0

(N)!

(N − y)!(y)!
py(1 − p)N−y = (N + 1)p[p + (1 − p)]N

= (N + 1)p

Or

µ = np (14)

Variance of binomial distribution is defined as the following

#1 : By definition

σ2 =
n∑

x=0

(x− µ)2P (x) =
n∑

x=0

(x− µ)2 n!

(n − x)!x!
px(1 − p)n−x

=
n∑

x=0

(x− np)2 n!

(n − x)!x!
px(1 − p)n−x

= A + B + C

Where

A =
n∑

x=0

x2 n!

(n − x)!x!
px(1 − p)n−x =

n∑

x=1

xn!

(n − x)!(x− 1)!
px(1 − p)n−x

=
N∑

y=0

(y + 1)(N + 1)!

(N − y)!y!
p(y+1)(1 − p)N−y = np + n(n − 1)p2

B = −2np
n∑

x=0

x
n!

(n − x)!x!
px(1 − p)n−x = −2(np)2
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And

C =

n∑

x=0

(np)2 n!

(n − x)!x!
px(1 − p)n−x = (np)2

Hence

σ2 =
∑

x

(x− µ)2P (x) = np(1 − p) (15)

#2 : By using σ2 = µ(x2) − [µ(x)]2

Where µ(x2) = A = np + n(n − 1)p2 and [µ(x)]2 = (np)2. We get the similar

result as (15)

σ2 = µ(x2) − [µ(x)]2 = np(1 − p)

Figure 1: Binomial distribution for several values of n and p

0.2.2 The Poisson distribution

Poisson distribution is the case where we take the limits p → 0 and n → ∞ from

binomial distribution such that np = µ = const.

Poisson distribution is an appropriate model if the following asssumptions are

hold:

• x can take values: 0, 1, 2, ...

• Events occur independently.

• The rate at which events occur is constant.

• Two events cannot occur at exactly the same instant.

• Probability of an event in a small sub-interval is proportional to the length of

the sub-interval.
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Let p = µ
n
. When n → ∞, we have following approximations

n!

(n − x)!
= n(n − 1)(n − 2)...(n − x − 2)(n − x − 1) ≈ nx

And

(1 − p)n−x =
(
1 − µ

n

)−x (
1 − µ

n

)n

≈ e−µ

Note that: limn→∞
(
1 − µ

n

)n ≈ e−µ

Then the Poisson distribution is defined as

P (x) = limn→∞
n!

(n − x)!x!
px(1 − p)n−x =

µx

x!
e−µ (16)

Mean of Poisson distribution

µP =
∑

x=0

x
µxe−µ

x!
=

∑

x=1

µxe−µ

(x − 1)!
= µe−µ

∑

x=0

µx

x!
= µ (17)

Variance of Poisson distribution

σ2
P = µ(x2) − [µ(x)]2 =

∑

x=0

x2µxe−µ

x!
− µ2

=
∑

x=1

x
µxe−µ

(x− 1)!
− µ2 =

∑

x=0

(x + 1)µx+1

x!
e−µ − µ2 = µ2 + µ − µ2

= µ (18)

Figure 2: Poisson distribution for several values of µ
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0.2.3 The Gaussian distribution

Gaussian is a continuous, symmetric distribution whose density is given by

P (x) =
1

σ
√

2π
exp

(
−(x− µ)2

2σ2

)
(19)

Where µ is expectation value and σ2 is variance.

Figure 3: Gaussian distribution for several values of µ and σ2

• Derive Gaussian distribution from binomial distribution

From the binomial distribution

P (x) =
n!

(n − x)!x!
px(1 − p)n−x

By using Stirling’s formula n! = nne−n
√

2πn, we can rewrite the above equation as

P (x) =
nne−n

√
2πn

xxe−x
√

2πx(n − x)n−xe−(n−x)
√

2π(n − x)
px(1 − p)n−x

=
(np

x

)x
(

n(1 − p)

n − x

)n−x √
n

2πx(n − x)

We have

L = ln

[(np

x

)x
(

n(1 − p)

n − x

)n−x
]

= −x ln

(
x

np

)
− (n − x) ln

(
n − x

n(1 − p)

)

= −x ln

(
x

np

)
− (n − x) ln

(
1 +

np − x

n(1 − p)

)

Let λ = −(np − x) ⇒ x = λ + np.
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By using ln(1 + x) ≈ x− 1
2
x2 + ..., we get

L = −(λ + np) ln

(
1 +

λ

np

)
− (n(1 − p) − λ) ln

(
1 − λ

n(1 − p)

)

= −(λ + np)

(
λ

np
− 1

2

λ2

(np)2
+ ...

)
− (n(1 − p) − λ)

(
− λ

n(1 − p)
− 1

2

λ2

n2(1 − p)2
+ ...

)

= −
(

λ2

np
+ λ − 1

2

λ2

np
+ ...

)
−

(
−λ +

λ2

n(1 − p)
− 1

2

λ2

n(1 − p)
+ ...

)

≈ −λ − λ2

2np
+ λ − λ2

2n(1 − p)

= − λ

2np(1 − p)

Then (np

x

)x
(

n(1 − p)

n − x

)n−x

= e−
λ2

2np(1−p)

And for n → ∞
√

n

2πx(n − x)
=

√
n

2π(λ + np)(n(1 − p) − λ)

≈ 1√
2πnp(1 − p)

Therefore we finally get

P (x) =
1√

2πnp(1 − p)
e−

λ2

2np(1−p)

Note that µ = np and σ2 = np(1 − p). The Gaussian distribution is then defined as

P (x) =
1

σ
√

2π
e−

(x−µ)2

2σ2 (20)

• Derive Gaussian distribution from Poisson distribution

The Poisson distribution is of the form

P (x) =
µxe−µ

x!

Use the Stirling’s formula x! = xxe−x
√

2πx and let x = µ(1 + λ), where µ � 1 and

λ � 1

P (x) =
µxe−µ

xxe−x
√

2πx
=

(µ

x

)x e−(µ−x)

√
2πx

=

(
µ

µ(1 + λ)

)µ(1+λ)
e−(µ−µ(1+λ))

√
2πµ(1 + λ)

=
1√
2πµ

e−µλ

(1 + λ)µ(1+λ) + 1/2
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We see that for µ � 1 and λ � 1

ln[(1 + λ)µ(1+λ) + 1/2] = (µ + µλ + 1/2) ln(1 + λ) = (µ + µλ + 1/2)(λ − λ2/2 + ...)

≈ µλ +
µλ2

2

⇒ (1 + λ)µ(1+λ) + 1/2 ≈ eµλ+µλ2

2

It’s then followed that

P (x) =
1√
2πµ

e−
µλ2

2 =
1√
2πµ

e−
(x−µ)2

2µ

Note that, for Poisson distribution σ2 = µ. By substituting this into the above equa-

tion, we get exactly the same formula as (20).

• Derive Gaussian distribution from another way

Consider we are aiming at the origin of a xyplane with darts. Assume that:

+1 : Deviation of darts not depend on the origin.

+2 : Deviation in orthogonal directions are independent.

+3 : Large deviation is less likely than small deviation.

Probability that the darts falls in interval [x, x + ∆x] is

P (x)dx

Similarly for interval [y, y + ∆y]

Probability of falling in area dA is

P (x)P (y)∆x∆y

If we are aiming offset of the origin by a constant µ, then

P (x, y) = P (x + µ)P (y + µ)∆x∆y = g(x, y)∆x∆y

Where g(x, y) = P (x + µ)P (y + µ).

In term of polar coordiantes where x = r cos θ, y = r sin θ, g(r, θ) is dependent on

r, but not dependent on θ. Then

dg

dθ
= 0 ⇒

P (x + µ)P ′(y + µ)
dy

dθ
+ P ′(x + µ)P (y + µ)

dx

dθ
= 0

⇔ P (x + µ)P ′(y + µ)r cos θ − P ′(x + µ)P (y + µ)r sin θ = 0

⇔ P (x + µ)P ′(y + µ)x − P ′(x + µ)P (y + µ)y = 0

⇒ P ′(x + µ)

xP (x + µ)
=

P ′(y + µ)

yP (y + µ)
= C; ∀x, y ∈ R
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We solve for P (x + µ)

P ′(x + µ)

xP (x + µ)
= C ⇒ P (x + µ) = Ae

Cx2

2

⇒ P (x) = P ((x − µ) + µ) = Ae
C(x−µ)2

2

From assumption +3, we see that C must be negative then

P (x) = Ae
−C(x−µ)2

2 ; C > 0

Normalized condition
∫ +∞

−∞
Ae

−C(x−µ)2

2 dx = 1 ⇒
∫ +∞

−∞
e

−C(x−µ)2

2 dx =
1

A

Use the Gaussian integral
∫ +∞
−∞ e−a(x+b)2dx =

√
π
a

⇒

∫ +∞

−∞
e

−C(x−µ)2

2 dx =
2π
C

=

1

A

⇒ A =

√
C

2π

Then

P (x) =

√
C

2π
e

−C
2

(x−µ)2

Let µ and σ2 are the mean and the variance of the distribution, respectively. The

variance is

σ2 = µ(x2) − [µ(x)]2

Where

µ(x2) =

√
C

2π

∫ +∞

−∞
x2e

−C
2

(x−µ)2dx

=

√
C

2π

∫ +∞

−∞
(x + µ)2e

−C
2

x2

dx

=

√
C

2π

∫ +∞

−∞
x2e

−C
2

x2

dx +

√
C

2π

∫ +∞

−∞
2µxe

−C
2

x2

dx +

√
C

2π

∫ +∞

−∞
µ2e

−C
2

x2

dx

=

√
C

2π

√
2π

C

1

C
+

√
C

2π
.0 +

√
C

2π

√
2π

C
µ2

=
1

C
+ µ2
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Then σ2 = 1
C

, and therefore we find exactly the same form as (20)

P (x) =
1

σ
√

2π
e−

(x−µ)2

2σ2
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